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ABSTRACT 

This is the analytical part of an analytical and 

experimental study of the feasibility ultimately of measur- 

ing the static temperature of flowing nitrogen in a hyper- 

sonic wind tunnel by means of spark spectroscopy. The 

intention is to deduce the effective rotational temperature 

of the spark, and hence the static temperature, from the 

relative line intensities within an emission band. The 

spark would be struck perpendicular to the flow in the 

tunnel test section. 

The experiments, from a non-flow study by J. B. Kyser 

(NASA CR-760, May 1967), used the N2 second-positive band 

system. The measured temperatures were higher than ambient. 

Because of this discrepancy, a method for calculating the 

ambient temperature as a function of the measured rotational 

temperature is required. This method must relate the rela- 

tive line intensities to the quantities characteristic of 

the ambient gas (temperature and pressure) and the spark 

(voltage, current, etc.). The objective of the present 

research is the development of such a method. 

For the conditions of Kyser's tests, order-of-magnitude 

calculations and referenced experiments show the following 

simplified model to be valid: 

Population of the excited electronic state occurs 
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entirely by direct electron-impact excitation from the 

ground electronic state. The ground-electronic-state 

molecules remain at ambient conditions during the spark 

duration; collisions with slow electrons have a negligible 

effect on the translational and rotational temperatures and 

on the distribution of rotational states. The molecules 

undergo no collisions between the time at which they are 

excited and the time at which they radiate. 

There are then three steps as follows in developing 

the relative line intensities: 

1) Calculation of the rotational excitation accompany- 

ing the electronic excitation produced by electron impact - 
For this purpose we devise a "quantized-classical" analysis, 

in which we use the classical impact parameter but exploit 

the quantum nature of the rotational levels. 

2) Calculation of the resulting populations of the 

rotational levels in the excited electronic state on the 

basis of statistics of these collisions - We extend the 
standard derivation for the collision frequency of point 

molecules to the case of point masses (electrons) colliding 

with rigid dumbbells (molecules). The resulting formula 

for the excitation rate to a given rotational level contains 

a complicated integral, which we evaluate by a Monte-Carlo 

method. 

3) Derivation of a formula for the relative line 
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intensities as a function of the populations of the upper- 

state rotational levels (and thence of the measured temper- 

ature) - We improve the derivation of Kyser, who integrated 
over an assumed continuous distribution of intensity versus 

wavelength, by summing over the individual spectral lines. 

For an intensity ratio of 0,274,  the present formula gives 

a temperature 13OK lower than Kyser's formula. 

The predictions of our analysis are compared with the 

measurements from Kyser's no-flow tests. In those tests 

the ambient temperature was 295OK, the pressure 1 mm Hg, 

and the spark energy 0.5 joule. Our prediction disagrees 

with Kyser's measurement. 

below ambient, whereas the measured temperature was 47OK 

above ambient. The cause of the predicted temperature 

We deduce a temperature 2g°K 

decrease is that few of the electron-molecule collisions 

causing electronic excitation change the rotational quantum 

number. The predicted temperature, as a result, equals the 

ambient temperature times the ratio of the B-values of the 

two electronic states. We can demonstrate that, with the 

exception of the assumption that the classical impact 

parameter is a valid concept for analyzing the electron- 

molecule collisions, the assumptions in the analysis either 

are undoubtedly valid or affect the predictions very little. 

We therefore conclude that the use of classical mechanics 

is the cause of the disagreement between theory and 
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experiment. Unfortunately, the current state of knowledge 

in collision theory precludes a full quantum-mechanical 

analysis. 
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CHAPTER 1 

INTRODUCTION 

1.1 O b j e c t i v e  of t h e  Present  Research  

The p r e s e n t  r e s e a r c h ,  on t h e  f e a s i b i l i t y  o f  deducing  

t h e  s t a t i c  t e m p e r a t u r e  of  f l o w i n g  n i t r o g e n  i n  a hypersonic  

wind t u n n e l  by means o f  s p a r k  s p e c t r o s c o p y ,  i s  sugges t ed  by 

a s t u d y  c a r r i e d  o u t  by K y s e r  (1966)  on t h e  s t r u c t u r e  o f  

s p a r k  columns f o r  v e l o c i t y  measurement i n  a hype r son ic  

stream. Kyser  performed exper iments  which i n d i c a t e d  t h a t  

t h e  s p a r k  d i s t u r b s  t h e  gas i n  such  a way t h a t  t h e  measured 

t e m p e r a t u r e  i s  h i g h e r  t h a n  t h e  ambient t e m p e r a t u r e .  Because 

o f  t h i s  d i s c r e p a n c y ,  a t h e o r e t i c a l  method f o r  c a l c u l a t i n g  

t h e  ambient t e m p e r a t u r e  as a f u n c t i o n  o f  t h e  measured t e m -  

p e r a t u r e  i s  r e q u i r e d  f o r  t h e  s p a r k  t e c h n i q u e  t o  be a r e l i a -  

b l e  means o f  deducing  s t a t i c  t e m p e r a t u r e .  No such  method 

was a v a i l a b l e  t o  K y s e r .  The o b j e c t i v e  o f  t h e  p r e s e n t  r e -  

s e a r c h  i s  t h e  development o f  such  a method. 

1 . 2  Kyse r ' s  Tracer-Spark Experiments  

K y s e r  (1964) developed a t r a c e r - s p a r k  t e c h n i q u e  f o r  

measur ing  t h e  gas v e l o c i t y  i n  a hype r son ic  wind t u n n e l  t h a t  

u s e s  n i t r o g e n  as t h e  working f l u i d .  Later  Kyser ( 1 9 6 6 )  

sugges t ed  t h e  f e a s i b i l i t y  of u s i n g  t h e  t r a c e r  s p a r k  to 

measure s t a t i c  t e m p e r a t u r e .  I n  t h e  t e s t  s e c t i o n  of a 
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hypersonic  wind t u n n e l ,  t h e  r o t a t i o n a l  and t r a n s l a t i o n a l  

t empera tu res  are f o r  a l l  p r a c t i c a l  purposes  equa l  t o  each 

o t h e r .  Hence, a measurement o f  t h e  und i s tu rbed  r o t a t i o n a l  

t empera tu re  would y i e l d  t h e  s t a t i c  ( i , e . ,  t r a n s l a t i o n a l )  

t empera tu re .  The r o t a t i o n a l  tempera ture  can  be deduced from 

band s p e c t r a  emitted by t h e  n i t r o g e n .  I n  t h e  t e s t  s e c t i o n ,  

however, t h e  n i t r o g e n  i s  t o o  c o l d  (about  5OoK) t o  radiate 

spontaneous ly .  Kyse r ' s  idea was t o  deduce t h e  r o t a t i o n a l  

t empera tu re  from t h e  emiss ion  e x c i t e d  by t h e  s p a r k .  

I n  some e x p l o r a t o r y  experiments  whose main purpose 

was t o  unders tand  t h e  s t r u c t u r e  of t h e  s p a r k  column, Kyser 

a p p l i e d  t h i s  t echn ique  t o  t h e  s i m p l e s t  p o s s i b l e  s i t u a t i o n  - 
nonflowing n i t r o g e n  of' known t empera tu re  and p r e s s u r e .  The 

ambient  temperatwe i n  a l l  t h e  experiments  was 295OK. The 

p r e s s u r e  v a r i e d  between 0 . 1  mm Hg and 1 0  mm Hg and t h e  s p a r k  

energy between 0 .05  j o u l e  and 5 j o u l e s ,  t h e  most e x t e n s i v e  

group of  tes ts  be ing  conducted a t  1 mm Hg and 0.5 j o u l e .  

These are t h e  only  p e r t i n e n t  experiments  t h a t  have been 

performed. The r e s u l t  of  K y s e r ' s  exper iments  w a s  t ha t  t h e  

s p e c t r o s c o p i c a l l y  deduced r o t a t i o n a l  t empera tu re  was h i g h e r  

t h a n  t h e  known ambient  t empera tu re .  For the  tes ts  a t  1 mm 

Hg and 0.5 j o u l e ,  t h e  s p e c t r o s c o p i c a l l y  deduced t empera tu re  

was 3 5 5 O K ,  which was 60°K h i g h e r  t h a n  t h e  ambient  t empera tu re .  

To unders tand  t h e  c a u s e  of  t h i s  d i f f e r e n c e ,  w e  must 

c o n s i d e r  how t h e  r o t a t i o n a l  t empera tu re  i s  deduced. We 

d i s c u s s  t h i s  i n  t h e  fo l lowing  s e c t i o n s .  
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1 .3  S p e c t r o s c o p i c  Measurement o f  R o t a t i o n a l  Temperature  

The t e c h n i q u e  f o r  deducing  r o t a t i o n a l  t e m p e r a t u r e  from 

band s p e c t r a ,  which i s  based on the  mic roscop ic  d e f i n i t i o n  

o f  t e m p e r a t u r e ,  i s  w e l l  known (Herzberg  1 9 5 0 ) .  I f  t h e  gas 

i s  i n  r o t a t i o n a l  e q u i l i b r i u m  a t  a t e m p e r a t u r e  Tr ,  t h e  

number o f  molecu le s  NJ i n  t h e  r o t a t i o n a l  l e v e l  J o f  a g i v e n  

e l e c t r o n i c  and v i b r a t i o n a l  s ta te  i s  g i v e n  by the  Boltzmann 

d i s t r i b u t i o n  

NJ = F1(J) exp[-F2(J) /Trl ,  (1.3-1) 

where F1 and F2 are  f u n c t i o n s  o f  t h e  r o t a t i o n a l  quantum 

number J as w i l l  be  s p e c i f i e d  l a t e r .  The r o t a t i o n a l  t e m -  

p e r a t u r e  Tr i s  t h u s  i n t i m a t e l y  related t o  t h e  e q u i l i b r i u m  

d i s t r i b u t i o n  o f  t h e  p o p u l a t i o n s  of  t h e  r o t a t i o n a l  l e v e l s .  

The i n t e n s i t y  IJ o f  a s p e c t r a l  l i n e  caused by a t r a n -  

s i t i o n  from a r o t a t i o n a l  l e v e l  J i s  p r o p o r t i o n a l  t o  t h e  

p o p u l a t i o n  NJ and t h e  t r a n s i t i o n  p r o b a b i l i t y .  

l i n e  i n t e n s i t i e s  a t  e q u i l i b r i u m  are g i v e n  by 

Hence, t h e  

where F i s  a f u n c t i o n  t h a t  w i l l  be  s p e c i f i e d  l a t e r .  By 

p l o t t i n g  t h e  measured l i n e  i n t e n s i t i e s  i n  a g i v e n  band i n  

t h e  form l n [ I J / F 3 ( J ) ]  v e r s u s  F 2 ( J ) ,  w e  o b t a i n  a s t r a i g h t  

l i n e  of s l o p e  ( - l / T r ) .  Thus w e  can  f i n d  t h e  r o t a t i o n a l  

t e m p e r a t u r e  o f  t h e  e m i t t i n g  molecules  from t h e  s l o p e  o f  t h e  

3 
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s t r a i g h t  l i n e . *  T h i s  i s  known as t h e  " log-s lope  method." 

1 . 4  Cause o f  t h e  Change i n  R o t a t i o n a l  Temperature  

The s o u r c e  o f  t h e  d i sc repancy  between t h e  deduced and 

ambient t e m p e r a t u r e s  i s  t h a t  t h e  emis s ion  must b e  e x c i t e d  

a r t i f i c i a l l y .  We must d i s t u r b  t h e  gas i n  o r d e r  t o  measure 

i t s  r o t a t i o n a l  t e m p e r a t u r e ,  and i t  i s  t h e  d i s t u r b e d  gas 

whose p r o p e r t i e s  w e  measure.  

A t  t h e  ambient t e m p e r a t u r e s  o f  i n t e r e s t ,  a lmost  a l l  

t h e  N2 molecules  a r e  i n  t h e  ground v i b r a t i o n a l  l e v e l  o f  t h e  

ground e l e c t r o n i c  s t a t e  XIZ +, The s t a t i c  t e m p e r a t u r e  t h a t  

w e  wish t o  deduce i s  t h e  t r a n s l a t i o n a l  t e m p e r a t u r e  o f  t h e s e  

XIZ + molecules ,  which, as w e  said above, i s  f o r  a l l  prac-  

t i c a l  purposes  e q u a l  t o  t h e  r o t a t i o n a l  t e m p e r a t u r e  o f  t h e  

X ~ Z  + molecules .  

g 

g 

g 
One can  u s e  any of  t h e  many s p e c t r a l  bands e x c i t e d  by 

t h e  s p a r k  t o  measure t h e  r o t a t i o n a l  t e m p e r a t u r e  o f  t he  

spa rk .  Kyser  used  t h e  (0 ,2)  band o f  t h e  second-pos i t i ve  

band s y s t e m ,  which i s  i n  t h e  b l u e  edge o f  t h e  v i s i b l e  spec-  

t rum. Although t h e  (0,O) and (0,l) bands are p robab ly  more 

prominent t h a n  t h e  (0 ,2 )  band, t h e y  l i e  t o o  far  toward t h e  

For  l i g h t  t o  b e  emi t ted  spon taneous ly ,  t h e  molecules  must 
8 

be  i n  an  e x c i t e d  e l e c t r o n i c  s t a t e .  The t e m p e r a t u r e  computed 

from t h e  s l o p e  o f  t h e  l i n e  i s  what we mean by t h e  tempera- 

t u r e  o f  t h e  e x c i t e d  s ta te .  
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v i o l e t  f o r  ease i n  i n s t r u m e n t a t i o n .  The second-pos i t i ve  

band system arises from spontaneous t r a n s i t i o n s  from the  

e x c i t e d  e l e c t r o n i c  s t a t e  C TIu t o  the  e x c i t e d  e l e c t r o n i c  
3 3 s t a t e  B II . 

s t a t e  r e s u l t s  from impact between a n  N2 molecule  and a high-  

speed e l e c t r o n  i n  t h e  spa rk .  Thus, the  e x c i t a t i o n - e m i s s i o n  

3 

E x c i t a t i o n  from t h e  XIC + s t a t e  t o  t h e  C nu 
g g 

p r o c e s s  i s  as f o l l o w s :  

3 ( 1. b l a )  ) .+ e -+ N2(C nu)  + e. 1 +  
g 

E x c i t a t i o n :  N2(X C 

Emission : (N2(C 3 n u )  + N2(B 3 II ) t h v .  
g 

( 1 . 4 - 1 b )  

I n  Equat ion  ( l . h - l a ) ,  t h e  k i n e t i c  energy o f  t h e  ou tgo ing  

e l e c t r o n  i s  lower t h a n  t h a t  o f  t h e  incoming e l e c t r o n  by t h e  

amount of t h e  e x c i t a t i o n  energy o f  t h e  C’TIU e l e c t r o n i c  

s ta te .  We i l l u s t r a t e  t h e  p r o c e s s  i n  F i g u r e  1-1 and show a 

schemat ic  ene rgy- l eve l  diagram i n  F i g u r e  1-2.  The many 

v i b r a t i o n a l  and r o t a t i o n a l  l e v e l s  t ha t  occur  w i t h i n  each  

e l e c t r o n i c  l e v e l  have been omi t t ed  from t h i s  diagram. A 

more complete  ene rgy- l eve l  diagram i s  shown i n  F igu re  6-1. 

We would l i k e  to f i n d  t h e  r o t a t i o n a l  t empera tu re  o f  

The emiss ion  spectrum, however, -Ls t h e  XIC + molecules .  
g 

c h a r a c t e r i s t i c  of t h e  p o p u l a t i o n s  o f  t h e  C 3 nu r o t a t i o n a l  

s ta tes .  

l e v e l s  may d i f f e r ,  because  r o t a t i o n a l  e x c i t a t i o n  can  accom- 

pany t h e  e l e c t r o n i c  e x c i t a t i o n .  

The d i s t r i b u t i o n s  of  the  XIC + and C 3 IIu r o t a t i o n a l  
g 
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Excitation process: electron-molecule collision 
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Figure 1-2: Schematic Energy-Level Diagram 
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1 . 5  O u t l i n e  o f  t h e  P r e s e n t  Research  

The r e l a t i v e  i n t e n s i t i e s  o f  t h e  l i n e s  i n  t h e  (0,Z) 

band o f  t h e  s e c o n d - p o s i t i v e  band system are  what Kyser 

a c t u a l l y  measured i n  h i s  tes ts .  Our s p e c i f i c  o b j e c t i v e  

t h e r e f o r e  i s  t o  deve lop  a method f o r  p r e d i c t i n g  these rela- 

t i v e  l i n e  i n t e n s i t i e s  as f u n c t i o n s  of t h e  q u a n t i t i e s  t h a t  

c h a r a c t e r i z e  t h e  ambient g a s  ( t e m p e r a t u r e  and p r e s s u r e )  and 

t h e  s p a r k  ( v o l t a g e ,  c u r r e n t ,  e t c . ) .  

We b e g i n  by a s c e r t a i n i n g  which o f  t h e  compl i ca t ed ,  

t r a n s i e n t  phenomena tha t  occur  i n  a spa rk  can  be  n e g l e c t e d  

f o r  o u r  pu rpose .  T h i s  w i l l  e n a b l e  s i m p l i f i c a t i o n s  t o  be 

qade i n  t h e  a n a l y s i s .  I n  Chapter  2 ,  w e  d i s c u s s  t h i s  pre l im-  

i n a r y  work. There are t h e n  three  steps i n  deve lop ing  t h e  

r e l a t i v e  l i n e  i n t e n s i t i e s .  These are  d i s c u s s e d  i n  Chap te r s  

3 t h r o u g h  6 .  I n  Chapter 3 a method i s  developed f o r  c a l c u -  

l a t i n g  t h e  r o t a t i o n a l  e x c i t a t i o n  t h a t  accompanies t h e  e l e c -  
t r o n i c  e x c i t a t i o n  C 3 TIu + XIG -t produced b y  e l e c t r o n  impact .  

g 
I n  Chapters 4 and 5 t h e  s t a t i s t i c s  o f  t h e s e  c o l l i s i o n s  a r e  

3 used  t o  c a l c u l a t e  t h e  r e s u l t i n g  p o p u l a t i o n s  o f  t h e  C IIu 

r o t a t i o n a l  l e v e l s .  I n  Chapter  6 a formula  i s  o b t a i n e d  f o r  

t h e  r e l a t i v e  l i n e  i n t e n s i t i e s  as a f u n c t i o n  o f  t h e  popula- 

t i o n s  of the  C TIu r o t a t i o n a l  l e v e l s .  

n e c e s s a r y  because  Kyser used  a v a r i a t i o n  o f  t h e  log - s lope  

method i n  h i s  expe r imen t s  and modi f ied  Equa t ion  (1.3-2) f o r  

h i s  c a s e .  The p r e s e n t  i n v e s t i g a t i o n  i n d i c a t e s  t h e  need f o r  

3 T h i s  las t  step was 
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modifying K y s e r ' s  d e r i v a t i o n .  

I n  Chapter 7 ,  t h e  p r e d i c t e d  r e l a t i v e  l i n e  i n t e n s i t i e s  

r e s u l t i n g  from t h e  p r e s e n t  a n a l y s i s  are compared w i t h  t h o s e  

measured by Kyser.  For t h i s  purpose  a l l  the  numer i ca l  

computa t ions  a re  based on K y s e r ' s  t e s t s  a t  1 mm H g  and 0 . 5  

j o u l e  ( S e c t i o n  1 . 2 ) .  K y s e r ' s  exper iments  are i n  f a c t  t h e  

o n l y  ones  a v a i l a b l e  f o r  comparison w i t h  t h e  t h e o r y .  

1.6 D i f f e r e n c e s  between t h e  Tracer-Spark Method and Muntz's  

Electron-Beam Method 

Muntz ( 1 9 6 2 )  has a l s o  s t u d i e d  t h e  s p e c t r o s c o p i c  meas- 

urement of r o t a t i o n a l  t e m p e r a t u r e ,  e x c i t i n g  t h e  emis s ion  

w i t h  a n  e l e c t r o n  beam, rather t h a n  a spark .  (For  a su rvey  

of more r e c e n t  work on Muntz's method, see Marrone 1967. )  

Such a beam has much lower c u r r e n t  t h a n  t h e  s p a r k ,  and t h e  

l i g h t  o u t p u t  i s  co r re spond ing ly  lower .  A s  a r e s u l t ,  m i l l i -  

seconds are  r e q u i r e d  for a r e a d i l y  measurable  amount of 

l i g h t  t o  b e  e m i t t e d  from the gas. With the s p a r k ,  on t h e  

o t h e r  hand, t e m p e r a t u r e  measurements cou ld  b e  made i n  less  

t h a n  a microsecond.  Furthermore,  t h e  s p a r k  equipment i s  

cheape r  and easier  t o  s e t  up t h a n  t h e  beam equipment.  

Another advantage  of t h e  spark  i s  t h a t  t h e  f low v e l o c i t y  

and s t a t i c  t e m p e r a t u r e  cou ld  be measured w i t h  t h e  same 

equipment.  

The e l e c t r o n s  i n  Muntz's beam had e n e r g i e s  of t h e  o r d e r  

of 50,000 eV, compared w i t h  18 e V  f o r  t h o s e  i n  K y s e r ' s  
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s p a r k .  The e x c i t a t i o n  energy  o f  t h e  upper  e x c i t e d  s ta te  i s  

o f  t h e  o r d e r  o f  1 0  eV.  The e l e c t r o n s  i n  t h e  beam t h u s  l o s t  

o n l y  a s m a l l  f r a c t i o n  o f  t h e i r  energy  i n  t h e  e l e c t r o n i c -  

e x c i t a t i o n  c o l l i s i o n s ,  so  tha t  Muntz c o u l d  u s e  t h e  Born 

approx ima t ion  o f  quantum mechanics i n  a n a l y z i n g  t h e  c o l l i -  

s i o n s .  I n  f a c t ,  a t  these e n e r g i e s  t h e  e l e c t r o n s  a c t  l i k e  

photons  i n  i n t e r a c t i n g  w i t h  t h e  molecules .  Hence, Muntz 

used  t h e  s t a n d a r d  formulas  (Herzberg  1950) f o r  molecu la r  

t r a n s i t i o n s  caused  by a b s o r p t i o n  o f  l i g h t  t o  c a l c u l a t e  t h e  

p o p u l a t i o n s  o f  t h e  r o t a t i o n a l  l e v e l s  i n  t h e  upper  e x c i t e d  

s ta te .  The e l e c t r o n s  i n  Kyse r ' s  spa rk ,  on t h e  o t h e r  hand, 

have e n e r g i e s  o f  t h e  same o r d e r  as t h e  e x c i t a t i o n  energy  o f  

3 t h e  C ITu s t a t e ,  so  t ha t  t h e  Born approximat ion  i s  n o t  v a l i d .  

I n  summary, t h e  t r a c e r  s p a r k  would nave p r a c t i c a l  

advan tages  ove r  t h e  e l e c t r o n  beam. The t r a c e r - s p a r k  t e c h -  

n i q u e  f o r  deducing  s t a t i c  t e m p e r a t u r e  i s  t h e r e f o r e  worth 

deve lop ing .  On t h e  o t h e r  hand, t h e  t r a c e r - s p a r k  e x c i t a t i o n  

p r o c e s s  i s  c o n s i d e r a b l y  more d i f f i c u l t  t o  a n a l y z e  t h a n  t h e  

electron-beam p r o c e s s .  
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CHAPTER 2 

SIMPLIFICATION OF THE ANALYTICAL MODEL 

2 . 1  S i m p l i f i e d  A n a l y t i c a l  Model 

Although t h e  c o l l i s i o n a l  phenomena i n  t h e  s p a r k  are 

i n h e r e n t l y  compl i ca t ed ,  we can  make s e v e r a l  u s e f u l  s i m p l i -  

f i c a t i o n s .  Some of  t hese  can be made because of  t h e  n a t u r e  

of t h e  s p e c t r o s c o p i c  method f o r  deducing r o t a t i o n a l  tempera- 

t u r e ;  o t h e r s  can  be made because of t h e  low n i t r o g e n  p r e s -  

s u r e  and t h e  s h o r t  d u r a t i o n  of  t h e  s p a r k  used by K y s e r .  

F i r s t ,  by t h e  b a s i c  n a t u r e  of t h e  t echn ique  t h e  r o t a -  

t i o n a l  t empera tu re  depends only  on t h e  r e l a t i v e ,  n o t  t h e  

a b s o l u t e ,  l i n e  i n t e n s i t i e s .  Hence, w e  need n o t  know t h e  

a b s o l u t e  e x c i t a t i o n  c r o s s  s e c t i o n  f o r  each  r o t a t i o n a l  

t r a n s i t i o n ,  b u t  on ly  t h e  r e l a t i v e  c r o s s  s e c t i o n s .  I n  o t h e r  

words, w e  do n o t  have to answer t h e  q u e s t i o n ,  ''What i s  t h e  

p r o b a b i l i t y  t h a t  e x c i t a t i o n  w i l l  occu r  to t he  ground v i b r a -  

t i o n a l  l e v e l  of  C3% w i t h  a g i v e n  r o t a t i o n a l  e x c i t a t i o n ? " .  

Rather,  w e  have on ly  to answer t h e  much s i m p l e r  q u e s t i o n ,  

"If e x c i t a t i o n  to t h e  ground v i b r a t i o n a l  l e v e l  of  C 3 II, 
_. 

o c c u r s ,  what i s  t h e  p robab le  accompanying r o t a t i o n a l  e x c i t a -  

t i o n ? " .  To answer t h e  l a t t e r  q u e s t i o n ,  w e  must examine t h e  

c o l l i s i o n  s t a t i s t i c s .  T h i s  r e q u i r e s  knowledge o f  t h e  
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e x c i t a t i o n  f u n c t i o n ,  i . e . ,  t h e  r e l a t i v e  v a r i a t i o n  of t h e  

e x c i t a t i o n  c r o s s  s e c t i o n  w i t h  e l e c t r o n  energy .  Again,  t h i s  

i s  easier t o  o b t a i n  ( S e c t i o n  3 . 2 )  t h a n  t h e  a b s o l u t e  c r o s s  

s e c t i o n .  

Second, c e r t a i n  phenomena t h a t  one might expec t  i n  a 

s p a r k  d i d  n o t  have t i m e  t o  occur  i n  K y s e r ' s  t es t s ,  because 

of t h e  low p r e s s u r e  and s h o r t  d u r a t i o n  of  t h e  s p a r k .  (The 

s p a r k  parameters are l i s t e d  i n  S e c t i o n  2 . 2 . )  I n  p a r t i c u l a r ,  

no p r o c e s s  o t h e r  t h a n  d i r e c t  e x c i t a t i o n  by e l e c t r o n  impact 
3 (Equat ion  1.4-la) was s i g n i f i c a n t  i n  p o p u l a t i n g  t h e  C IT, 

s t a t e .  I n  S e c t i o n  2.3,  w e  s h a l l  d i s c u s s  t h e  expe r imen ta l  

r e s u l t s  and order-of-magnitude c a l c u l a t i o n s  t h a t  lead t o  

t h i s  c o n c l u s i o n .  Furthermore,  t h e  t r a n s l a t i o n a l  and r o t a -  

t i o n a l  d i s t r i b u t i o n s  of t h e  X C molecules  are n o t  s i g n i -  

f i c a n t l y  d i s t u r b e d  from t h e  ambient  c o n d i t i o n s  d u r i n g  t h e  

t i m e  i n t e r v a l  of  i n t e r e s t .  T h i s  s t a t emen t  w i l l  be  j u s t i f i e d  

i n  S e c t i o n  2 . 4 .  F i n a l l y ,  t h e  molecules  can be assumed t o  

undergo no c o l l i s i o n s  between t h e  t i m e  a t  which t h e y  are 

e x c i t e d  t o  t h e  C n u  s ta te  and t h e  t i m e  a t  which t h e y  radi-  

a t e .  T h i s  i s  s u b s t a n t i a t e d  i n  S e c t i o n  2 . 5 .  Another s i m -  

1 +  
g 

3 

p l i f i c a t i o n  i s  p o s s i b l e  because of t h e  low ambient tempera- 

t u r e  - tha t  i s ,  n e a r l y  a l l  t h e  molecules  are i n  t h e  ground 

v i b r a t i o n a l  l e v e l  of XIC + p r i o r  t o  e x c i t a t i o n .  Q 
Our s i m p l i f i e d  model of t h e  s p a r k  p r o c e s s  i s  t h u s  as 

f o l l o w s .  The ground v i b r a t i o n a l  l e v e l  of CkU i s  popula ted  

11 



s o l e l y  by  d i r e c t  e x c i t a t i o n  caused by impact of  e l e c t r o n s  

wi th  ambient molecules  i n  t h e  ground v i b r a t i o n a l  l e v e l  o f  
3 XIC '. 

they  c o l l i d e  wi th  o t h e r  p a r t i c l e s  i n  t h e  s p a r k .  

t i o n  i s  t h u s  c h a r a c t e r i s t i c  of  t h e  e x c i t a t i o n ,  which i n  

t u r n  i s  c h a r a c t e r i s t i c  of t h e  ambient c o n d i t i o n s  (tempera- 

t u r e  and p r e s s u r e )  and t h e  spa rk  parameters  ( v o l t a g e ,  

c u r r e n t ,  e t c .  ) 

The r e s u l t i n g  C IIu molecules  t h e n  radiate  b e f o r e  
g 

The r a d i a -  

2 . 2  Order of Magnitude of  t h e  Spark Parameters 

The fo l lowing  data were ob ta ined  by Kyser (1966), some 

by measurement i n  a no-flow chamber and o t h e r s  th rough com- 

p u t a t i o n  b y  a semi-empir ical  method. 

The t o t a l  spa rk  d u r a t i o n  T was 

( 2 . 2 - 1 )  T z 0 . 8  p sec .  

Within t h e  f i r s t  0 .2  psec of  t h e  spa rk  d u r a t i o n ,  t h e  spa rk  

had begun t o  e m i t  a measurable  amount o f  l i g h t .  Kyser made 

t h e  tempera ture  measurements a t  t h i s  e a r l i e s t  p o s s i b l e  t i m e ,  

because t h e  g a s  was t h e n  d i s t u r b e d  t h e  l e a s t  by t h e  spa rk .  

We are t h e r e f o r e  i n t e r e s t e d  i n  what occur s  i n  t h e  i n i t i a l  

t i m e  i n t e r v a l  

A t  =: 0 . 2  psec .  ( 2 . 2 - 2 )  

The e l e c t r o n  and molecule parameters  were as f o l l o w s :  

1 2  



Mean e l e c t r o n  energy E 7 eV, (2 .2-3)  

8 Mean e l e c t r o n  speed ve 1 0  cm/sec , ( 2 . 2 - 4 )  

1 2  -3 E l e c t r o n  d e n s i t y  Ne = 1 0  cm , 

( 2 . 2 - 6 )  1 6  -3 Molecule d e n s i t y  NM ~ 1 0  cm 

After t h e  s p a r k  was i n i t i a t e d ,  these q u a n t i t i e s  a t t a i n e d  

n e a r l y  t h e  v a l u e s  l i s t e d  above w i t h i n  a t i m e  s m a l l  compared 

w i t h  A t .  They remained c o n s t a n t  t o  w i t h i n  an o r d e r  of 

magni tude d u r i n g  the  r e s t  of  t h e  i n t e r v a l  A t .  

3 2 .3  P rocesses  f o r  Popu la t ing  t h e  C m,, State  

Various i n v e s t i g a t o r s  have sugges ted  that  p r o c e s s e s  

o t h e r  t h a n  d i r e c t  e x c i t a t i o n  by e l e c t r o n  impact (Equat ion  

1.4-la) may c o n t r i b u t e  t o  t h e  p o p u l a t i o n  of t h e  C II, s t a t e  

and t h u s  t o  t h e  second-pos i t i ve  emiss ion .  Bates ( 1 9 4 9 )  

sugges ted  e l e c t r o n i c  recombina t ion  w i t h  t h e  g round-s t a t e  

N2' i o n  as i n d i c a t e d  by 

3 

N 2 + ( X  2 4 -  Cg ) t e -f N 2 ( C  3 n u )  + h v .  ( 2 - 3 - 1 )  

To estimate t h e  r e l a t i v e  importance of t h i s  p r o c e s s ,  w e  make 

t h e  f o l l o w i n g  order-of-magnitude c a l c u l a t i o n .  Using a c r o s s  

f o r  d i r e c t  e x c i t a t i o n  (which i s  t h e  s e c t i o n  aD o f  1 0  

o r d e r  of magni tude measured by Jobe ,  Sharp ton ,  and S t .  John 

1967,  and Stewart and Gabathuler  1958 f o r  e l e c t r o n  e n e r g i e s  

between 1 0  and 25 e V ) ,  w e  f i n d  t h a t  
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Rate of direct electron-impact 

N N  3 
(2.3-2) ~~e M e excitation to C TIu = CT 

(10-~7 cm2)(108 E see cm-3)(10'~ cm-3) 

= 10~9 excitations per see per em 3 . 
From Kyser (19661, Equation 19, we obtain 

2 1/2 Recombination rate = 0.9 x 

= (0.9 x 1 0 - 7 ~ 1 0 ~ ~  cm-312/(7 ev) 1/2 

Ne /E 
(2.3-3) 

16 3 E 3 x 10 recombinations per see per cm . 
Since the direct-excitation rate is 300 times larger than 

the recombination rate, the process (2.3-1) makes a negli- 

gible contribution to the population of C IIu. 3 

Tyte (1962), who performed experiments with a pure- 

nitrogen discharge tube at 0.2 mm Hg, considered electronic 
excitation of the metastable A 3 C state according to 

N2(A 3 4 -  Cu 1 -t e + N 2 ( C  3 nu)  + e. ( 2 . 1 - 3 )  

Tyke's data showed no evidence tha,t this was an imp3rtant 

p o p u l a t i o n  process Ili his discharge, which has similarities 

to Kyser's spark. 

Bauer and Bartky (1965), who calculated the direct- 

excitation c r o s s  section, suggested the cascade process 
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The t r a n s i t i o n  N2(E) + N2(C), however, has neve r  been 

obse rved .  Fu r the rmore ,  t h e  magnitude o f  Bauer and B a r t k y ' s  

p r e d i c t e d  c r o s s  s e c t i o n s  a g r e e s  b e t t e r  w i t h  Stewart and 

G a b a t h u l e r ' s  (1958)  e x p e r i m e n t a l  data when o n l y  t h e  d i r e c t  

e x c i t a t i o n  i s  c o n s i d e r e d  t h a n  when t h e  cascade  p r o c e s s  i s  

i n c l u d e d .  

There  i s  a l s o  e x p e r i m e n t a l  ev idence  t h a t  t h e  p r o c e s s  

g i v e n  i n  Equa t ion  (1.4-1a) makes t h e  o n l y  s i g n i f i c a n t  con- 
3 t r i b u t i o n  t o  p o p u l a t i n g  t h e  C IIu s t a t e .  An a p p a r a t u s  s i m -  

i l a r  t o  K y s e r ' s  spa rk  was s t u d i e d  by Leonard ( 1 9 6 5 ) ,  who 

observed  laser  a c t i o n  i n  t h e  second-pos i t i ve  band s y s t e m  of 

N 2  d u r i n g  a f a s t - r i s i n g ,  h i g h - c u r r e n t ,  h igh -vo l t age  d i s -  

c h a r g e .  With p r e s s u r e s  r a n g i n g  from 1 mm H g  t o  s e v e r a l  t e n s  

o f  mm Hg, Leonard produced laser p u l s e s  of 0 . 0 2  Vsec du ra -  

t i o n .  G e r r y  (1965)  d e v i s e d  a co r re spond ing  t h e o r y  based on 

d i r e c t  e l e c t r o n - i m p a c t  e x c i t a t i o n  as t h e  o n l y  e x c i t a t i o n  

mechanism of C IIu. G e r r y ' s  p r e d i c t e d  laser -power  d e n s i t y  

as a f u n c t i o n  o f  t i m e  a g r e e s  w e l l  b o t h  q u a l i t a t i v e l y  and 

q u a n t i t a t i v e l y  w i t h  Leona rd ' s  data.* 

3 

t 
G e r r y ' s  t h e o r y  p r e d i c t s  o n l y  t h e  ra te  of e l e c t r o n i c  e x c i -  

3 t a t i o n  t o  C I&, n o t  t h e  r e l a t i v e  rates of e x c i t a t i o n  t o  t h e  

var-ious r o t a t i o n a l  l e v e l s ,  and t h u s  i s  n o t  a p p l i c a b l e  t o  

the  c a l c u l a t i o n  of  t h e  r e l a t i v e  l i n e  i n t e n s i t i e s .  



Further evidence in this regard was obtained in Tyte's 

(1962) experiments. Tyte concluded that the direct- 

excitation process (Equation 1.4-la) accounted for at least 

90% of his measured intensity, with the other 10% coming 

from the recombination process (Equation 2.3-1). As indi- 

cated above, the recombination contribution to the C nu 
population was negligible in Kyser's tracer spark. 

3 

Several experimenters who excited the second-positive 

band system with electron beams in pure nitrogen also have 

concluded that the only sigi:ificaqt population process is 

direct excltation. These include Langstroth (1934), Stewart 

and Gabathuler ( l i )5?1) ,  Kishko and Kuchinka (1959), and J 'obe,  

Sharptor-, and St. John (19673. These experiments, however, 

were conducted at pressures less than 0.1 mrn Hg; the impor- 

tance of secondary processes grows as the pressure increases. 

We conclude that the direct-excitation process m4-la) 
3 is the only significant process for populating the C Xu 

state. Although the supporting experiments are not identical 

to Kyser's, we feel that they are close enough to justify 

this conclusion. 

2.4 Effects of Collisions Between Molecules and Slow 

Electrons - 
2.4.1 Increase of Translational Temperature 

The increase ATt in translational temperature caused 
by elastic electron-molecule collisions during the interval - 
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At is given by 

3 7 k ATt = (mean translational energy transferred to 

each molecule by collisions during At) 

= (mean number of collisions per molecule 

during At) 

X (mean translational energy transferred per 

collision), (2.4-1) 

where k is Boltzmann's-constant (1.38054 x 10 -16 erg/'K). 

The mean number of collisions per molecule is given by 

where aeM is the cross section for elastic electron-molecule 

collisions. 

The mean translational energy transferred per collision is 

given by 

E At, (2.4-3) 

where the mean electron energy E is given in Equation 

(2.2-3) and At is the mean fraction of the electron's 

energy that is transferred to molecular translational 

energy in a collision. Substituting Equations (2.4-2) and 

(2.4-3) into Equation (2.4-1-), we obtain 

k ATt = ve Ne aeM At E At. (2.4-4) 7 

Since oeM is roughly the area of a circle whose 
0 

diameter is the internuclear distance, which is 1.094 A 



-16 2 
z 10 cm . 'eM 

To make the calculation conservative, we use the maximum 

possible value of A t .  

energy and momentum in a collision this is 

From the laws of conservation of 

(2.4-6) -4 A t  = m/M = 0.39~10 , 
where m is the mass of an electron and M is the mass of a 

nitrogen atom. 

The numerical value of ATt is 

 AT^ = 10-3 OK, (2.4-7) 

which is negligible compared with the ambient temperature 

of 295 K. 0 

We conclude that the translational temperature of the 

N2(X C 

to the ambient temperature during the interval A t .  

1 t  
g 

) molecules remains practically constant and equal 

2.4.2 Increase of Rotational Temperature 

The increase AT in rotational temperature caused by 

electron-molecule collisions during the interval A t  is 

similarly given by 

k AT - Ne or A t  E hr, (2.4.8) 

where or is the cross section for rotational excitation by 

mearis of  electron impac'c and A is tile mean fraction of the 

electron's energy that is transferred to rotational energy 

in a collision. 

P - ve 

r 
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The value of A,, which is deduced from experimental 

data (Kyser 1966), is 

Oksyuk (1966) has made the only calculation of or that is 

valid for electron energies of the order of 7 eV. The other 

available analyses, e.g., Gerjuoy and Stein (1955), Sampson 

and Mjolsness (1965), and Takayanagi and Geltman (1965), 

are valid only f o r  electrons of much lower energy (about 

0.5 eV). Oksyuk's predicted total cross sections (elastic 

+ inelastic) agree with the measured values. At 7 eV his 

predicted value of or is 

The value of ATr is 

ATr low2 OK 

(2.4-10) 

(2.4-11) 

which is again negligible compared with the ambient tempera- 

ture. 

molecules also remains practically constant and equal t o  

the ambient temperature during the interval At. 

Hence, the rotational temperature of the N,(XIC +) 
g 

2.4.3 Change in the Distribution of Rotational States 

Experiments on electrons drifting through nitrogen, 

which led t o  the value o f  A r ,  indicate that the actual mean 

energy l o s s  per collision is an order of magnitude higher 

than the value for purely elastic collisions. Since this 

is observed even f o r  electron energies well below the 



vibrational threshold, the result must be caused by 

rotational excitation. It follows that upward rotational 

transitions occur more often than downward ones. Indeed, 

Oksyuk's (1966) analysis predicts that 

2J,+1 
5 ¶ 

- J J  - 
2 J A t 1  J ~ + J ~  

5 
JA+ J B  

( 2 . 4 - 1 2 )  

where CT is the cross section for the electron-impact 

excitation from the rotational state JA to the rotational 

state JB without vibrational or electronic excitation 

occurring. Hence, 

J ~ + J ~  

5 ~ A + ~ B  > * J ~ + J ~  if JB > JA ( 2 . 4 - 1 3 )  

A s  a result of this imbalance between upward and downward 

rotational transitions, the distribution of the rotational 

states of the X molecules may be changed from a Boltzmann 

distribution. (This is distinct from the change in rota- 

1 t  
g 

tional temperature analyzed in the preceding section.) 

We now estimate the order of magnitude of the change 

that occurs during the interval At. According to Oksyuk's 

theory, rotational transitions can occur only if 9 changes 

by an even number: 0, t 2, 2 4, ... . The cross section 

is negligible for 

fractional change ANJ/NJ during the interval At is given by 

- 
lJB-JAl > 4. Hence, for a given If, the 
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ANJ/NJ ve Ne At IN,7-2 ‘J-2+J ’ N J t 2  “5+2+J 

NJ (‘J+J+2 ’ ‘J+J-2 + NJ-4 ‘J-4+J 

- N  0 ’ NJ+4 ‘J+4+J J( J+J+4 

(2.4-14) 

The t h i r d  t e r m  i n  Equat ion  (2.4-14) i s  

- 
( A N J / N J )  t h i r d  t e r m  - - ve Ne At “J+J+2 ‘J+J-2)’ 

( 2 . 4 - 1 5 )  

We p o i n t  o u t  that  NJ a p p e a r s  i n  both  the numepator and 

denominator  o f  t h i s  e q u a t i o n  and t h u s  c a n c e l s .  Using Equa- 

t i o n  (2.4-10) f o r  the  o r d e r  of  magnitude o f  t h e  c r o s s  sec -  

t i o n ,  w e  o b t a i n  

- 8 x ( 2 . 4 - 1 6 )  ( A N J / N J ) t h i r d  term - - 
None o f  t he  other terms i n  Equat ion  (2.4-14) i s  of a l a r g e r  

o r d e r  o f  magnitude t h a n  t h e  t h i r d  t e r m .  Hence w e  have 

ANJ << MJ , (2.4-17) 

t h a t  i s ,  t h e  XIZ 

t i o n a l  e q u i l i b r i u m  d u r i n g  t h e  i n t e r v a l  A t .  

molecules  remain e f f e c t i v e l y  i n  r o t a -  
g 
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3 2 .5  L i f e t i m e  of t h e  C IIu S ta te  Compared w i t h  t h e  T ime  

3 Between C o l l i s i o n s  of t h e  C IT, Molecules  

If t h e  r a d i a t i v e  l i fe t ime -rR ( i . e . ,  t h e  i n v e r s e  of t h e  

r a d i a t i v e  t r a n s i t i o n  p r o b a b i l i t y )  of t h e  C 3 n U  s ta te  i s  much 

less t h a n  t h e  mean t i m e  Tc between c o l l i s i o n s ,  w e  can  assume 

tha t  t h e  C nu molecules  w i l l  radiate b e f o r e  t h e y  c o l l i d e  w i t h  

a n o t h e r  p a r t i c l e .  From K y s e r  (1966) ,  w e  o b t a i n  

3 

(2.5-1) 
T = 0.045 psec 

T =0.140 psec 

R 

C 

The v a l u e  of T~ i s  t h e  i n v e r s e  of t h e  sum of t h e  t r a n s i t i o n  

p r o b a b i l i t i e s  of a l l  t r a n s i t i o n s  from t h e  z e r o t h  v i b r a t i o n a l  

l e v e l  of C 3 n U .  

c u l a r  c o l l i s i o n  r a t e  a t  a t e m p e r a t u r e  of 295OK and a p r e s -  

The v a l u e  of Tc i s  t h e  i n v e r s e  of t h e  mole- 

s u r e  of 1 . 0  mm Hg. Kyser does  no t  ment ion t h e  u n c e r t a i n t i e s  

on e i t h e r  of these  v a l u e s ,  b o t h  of which come from e x p e r i -  

ments r e f e r e n c e d  by h i m .  Hence w e  o b t a i n  

8lthoue;h t h i s  number ( 3 )  i s  a b i t  b o r d e r l i n e  to j u s t i f y  t h e  

s ta ted  assumpt ion ,  w e  have used  t h i s  assumpt ion  i n  ou r  

a n a l y s i s .  
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2.6 Labelling of the Rotational Levels 

The resultant molecular angular momentum 3 (disregard- 
ing nuclear spin) is the vector sum of the contributions 

from nuclear rotation, electronic orbiting about the nuclei, 

and electron spin (Herzberg 1950). These contributions add 

in different ways, depending on the coupling between them. 

The C IIu and B II 

coupling cases (a) and (b) (Herzberg 1950), but both go over 

3 3 states are intermediate between Hund's 
g 

to case (b) with increasing rotation. Since we are inter- 

ested primarily in large rotational quantum numbers and 

since we wish to simplify the analysis, we assume that the 
3 3 C IIu and B IT states are both case (b). There is no need to 

g 
distinguish which case XIC + belongs to, because it is a 

singlet state. 

For singlet states and for states bekonging to case (b), 

we can write 3 as 
3 = R + 3 ,  (2.6-1) 

-+ 
where S is the angular momentum due to electron spin and 2 
is the total angular momentum apart from spin. We have 

l t = i t + $ ,  (2.6-2) 

where is the orbital angular momentum of the electrons, 

which is essentially along the internuclear axis, and 8 is 
the angular momentum of nuclear rotation, which is 

2 3  



essentially perpendicular to the internuclear axis. Since 

Z, K ,  and S are all quantized, J can have the following 

2S+1 possible values for a given value of K: 

J = ( K t S ) ,  ( K + S - l ) ,  ( K + S - 2 ) ,  ..., I K - S l .  (2.6-3) 

The numerical superscript in the symbol of the elec- 

tronic state is the value of 2S+1. For the singlet state 

XIC +, we have g 

s = 0 ,  ( 2 . 6 - 4 )  

3 3 whereas for the triplet states C IIu and B IIu, we have 

s = 1. (2.6-5) 

Since 1 is perpendicular t o  3, K is given by 
K = ( A 2 + N )  2 1/2 (2.6-6) 

Whereas K and A are quantized, N is not quantized but must 

be such that K has one of the values 

K = A ,  A+l, A t 2 ,  .... ( 2 6-7) 

The Greek letter in the symbol of the electronic state de- 

notes the value of A. For the C state XIC ’, we have 
g 

A = 0, (2.6-8) 

whereas for the II states C 3 ITu and B 3 IT we have 
g’ 

h = 1. (2.6-9) 

For the X I E  + state we have accordingly 
g 
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+ + +  
J = K = N ,  (2.6-10) 

so  t h a t  t h e r e  i s  no ambigui ty  i n  l a b e l l i n g  t h e  r o t a t i o n a l  

l e v e l s .  T h i s  i s  why t h e  d i s t i n c t i o n  between c a s e  ( a )  and 

c a s e  ( b )  i s  p o i n t l e s s  f o r  t h i s  s t a t e .  
3 The s i t u a t i o n  i s  compl ica ted ,  however, f o r  t h e  C TIu 

and B3TI s t a t e s .  Each r o t a t i o n a l  l e v e l  i s  s p l i t  i n t o  two 

l e v e l s ,  one f o r  each  d i r e c t i o n  of  1 (A-type doub l ing ) .  

Fur thermore ,  f o r  a g iven  va lue  of  K,  t h e r e  a r e  t h r e e  p o s s i b l e  

v a l u e s  of  J ,  one f o r  each d i r e c t i o n  o f  3 ( t r i p l e t  s p l i t t i n g ) :  

Q 

J = K+1, K, K-1. (2.6-11) 

For a g iven  va lue  of  K ,  t h e  energy d i f f e r e n c e  produced 

between t h e  l e v e l s  by A-type doubl ing  and t r i p l e t  s p l i t t i n g  

i s  small compared w i t h  t h e  energy d i f f e r e n c e  between t h e  

l e v e l s  f o r  d i f f e r e n t  va lue  o f  K. Corresponding t o  t h e  

s p l i t t i n g  of t h e  r o t a t i o n a l  l e v e l s ,  each  l i n e  of  t h e  second- 

p o s i t i v e  band system, which i s  produced by a t r a n s i t i o n  

from a r o t a t i o n a l  l e v e l  K ? 3 i n  t h e  C SIu s t a t e  t o  a r o t a t i o n a l  

3 l e v e l  K" i n  t h e  B TI s t a t e ,  i s  s p l i t  i n t o  s e v e r a l  l i n e s  o f  

s l i g h t l y  d i f f e r e n t  wavelength.  S ince  t h e  r e s o l u t i o n  of t h e  

spec t romete r  used i n  Kyser ' s  exper iments  was not  g r e a t  

enough t o  r e s o l v e  t h e  A-type doub l ing  and t r i p l e t  s p l i t t i n g ,  

w e  w i l l  n e g l e c t  them h e r e .  T h i s  w i l l  s i m p l i f y  the a n a l y s i s  

g 

3 3 by a l lowing  us  t o  t r e a t  t h e  C SIu and B II 

purpose  of c a l c u l a t i n g  t h e  popu la t ions  of  t h e  r o t a t i o n a l  

s t a t e s ,  f o r  t h e  
g 
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l e v e l s  and t h e  l i n e  i n t e n s i t i e s ,  as s i n g l e t  s ta tes  w i t h  t h e  

r o t a t i o n a l  l e v e l s  labelled by K i n s t e a d  of J .  

For  t h e  C 3 n U  and B3n s ta tes ,  K i s  re la ted  t o  N by 
g 

K = ( l + N )  2 1 / 2  . ( 2 . 6 - 1 2 )  

For  large v a l u e s  o f  N ,  which are  of  i n t e r e s t  here, t h e  f o r e -  

go ing  formula  becomes 

K =N. ( 2 . 6 - 1 3 )  

Hence, e x a c t l y  f o r  t h e  XIIRt s t a t e  and approx ima te ly  f o r  t h e  - 
C 3 IIu and B 3 II states,  i s  e q u a l  to 8. 

g 
Hencefor th ,  w e  w i l l  w r i t e  a l l  o u r  e q u a t i o n s  i n  te rms  

of 8, ra ther  t h a n  3 o r  8. 
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CHAPTER 3 

D Y N A M I C S  OF AN ELECTRON-MOLECULE C O L L I S I O N  

3 . 1  I n t r o d u c t i o n  

The o b j e c t i v e  i n  t h i s  c h a p t e r  i s  t o  answer t h e  q u e s t i o n ,  

"If, by e l e c t r o n  impact ,  an N 2  molecule  i s  e x c i t e d  from 

t h e  ground v i b r a t i o n a l  l e v e l  o f  t h e  X cg s t a t e  to t h e  ground 

v i b r a t i o n a l  l e v e l  o f  t he  C nu s t a t e ,  what i s  t h e  r o t a t i o n a l  

quantum number K1 of  t h e  C nu molecule  as a f u n c t i o n  of  

1 t  

3 

3 

1 (1) The r o t a t i o n a l  quantum number K of  t h e  X cg 0 
molecule  and 

( 2 )  The c o l l i s i o n  parameters ( r e l a t i v e  v e l o c i t y ,  

impact  pa rame te r ,  e t c .  ) ? "  

To answer t h i s  q u e s t i o n  w e  had t o  deve lop  o u r  own a n a l y s i s ,  

because  t he  e x p e r i m e n t a l  data and a n a l y t i c a l  methods a v a i l -  

able i n  t h e  l i t e r a t u r e  were of no h e l p .  This l i t e r a t u r e  

p e r t i n e n t  t o  t h e  C nu .+ XICgf e x c i t a t i o n  i s  reviewed 

b r i e f l y  i n  t h e  f o l l o w i n g  s e c t i o n .  

3 

3 .2  L i t e r a t u r e  on Electron-Impact  e x c i t a t i o n  o f  t h e  

N2 and Related 

C o l l i s i o n s  

The magnitude o f  t h e  c r o s s  s e c t i o n  for e lec t ron - impac t  

e x c i t a t i o n  o f  t h e  s e c o n d = p o s i t i v e  band sys tem off N2 has been 

measured by S t e w a r t  and Cfabathuler  (1958)  and Jobe ,  Sha rp ton ,  
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and St. John (1967). The excitation function has been 

measured by these workers and by Langstroth (1934) and 

Kishko and Kuchinka (1959). None of these experimenters, 

however, measured the relative cross sections of the various 

rotational transitions that accompany the electronic excita- 

tion. 

Inelastic collisions can be treated theoretically 

from one of two standpoints - quantum mechanics o r  classi- 

cal mechanics. Although the quantum approach is the more 

realistic on the atomic scale (Section 3.6.1), both ap- 

proaches have been used to analyze electron-molecule 

collisions. The collision of interest here, however, has 

not been analyzed using either approach. In fact, no 

method for calculating the cross section for simultaneous 

excitation of two or more molecular energy modes by elec- 

tron impact has been developed. 

The first analysis of electron-impact excitation of 

rotation alone (no vibrational or electronic excitation) 

was that of Gerjuoy and Stein (1955). Since then, addi- 

tional such analyses have been published, the most recent 

being those of Takayanagi and Geltman (1965), Sampson and 

Mjolsness (1965), and Oksyuk (1966). These are all quantum- 

mechanical analyses. 

Electronic excitation by electron impact has been 

analyzed quantum-mechanically for hydrogen only (Khare 1966). 
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( T h i s  a n a l y s i s  t r e a t s  "pure ly"  e l e c t r o n i c  e x c i t a t i o n ,  i n  t h e  

s e n s e  t h a t  t h e  v i b r a t i o n a l  and r o t a t i o n a l  t r a n s i t i o n s  are 

assumed t o  be u n r e s o l v e d . )  Nitrogen i s  more d i f f i c u l t  t o  

handle  because t h e  e l e c t r o n i c  wave f u n c t i o n  becomes more 

complex as t h e  atomic number i n c r e a s e s .  (S ince  t h i s  i s  n o t  

t r u e  of  t h e  r o t a t i o n a l  wave f u n c t i o n ,  r o t a t i o n a l  e x c i t a t i o n  

can be ana lyzed  quantum-mechanically as eas i ly  f o r  n i t r o g e n  

as f o r  hydrogen.)  Bauer and Bar tky  (1965)  used c l a s s i c a l  

mechanics t o  c a l c u l a t e  t h e  c r o s s  s e c t i o n  f o r  e x c i t a t i o n  o f  

t h e  second-pos i t i ve  band system of  n i t r o g e n  and ob ta ined  

good agreement between theo ry  and experiment .  Ne i the r  

Bauer and B a r t k y ' s  no r  Khare's a n a l y s i s ,  however, can p re -  

d i c t  how much r o t a t i o n a l  e x c i t a t i o n  accompanies t h e  e l e c t -  

r o n i c  e x c i t a t i o n .  

3.3 Conservat ion Equat ions 

We beg in  our  a n a l y s i s  by w r i t i n g  t h e  a l g e b r a i c  equa- 

t i o n s  t h a t  govern t h e  summational i n v a r i a n t s  of  t h e  c o l l i -  

s i o n  - energy ,  l i n e a r  momenturn, and a n g u l a r  momentum. I n  

g e n e r a l ,  t h e  angular-momentum e q u a t i o n  must i n c l u d e  bo th  

o r b i t a l  and s p i n  momenta. 

however, t he  s p i n - o r b i t  i n t e r a c t i o n  i s  much smaller t h a n  

t h e  coulombic i n t e r a c t i o n  between t h e  free e l e c t r o n  and t h e  

o r b i t a l  e l e c t r o n s .  Hence t h e  p r o b a b i l i t y  of the free 

e l e c t r o n ' s  s p i n  b e i n g  t r a n s f e r r e d  t o  f! i s  much less t h a n  

For l i g h t  molecules  such as N 2 ,  

t he  p r o b a b i l i t y  o f  t h e  f r ee  e l e c t r o n ' s  o r b i t a l  a n g u l a r  



momentum being transferred. We therefore have two separate 

angular-momentum equations, one for orbital angular momen- 

tum and another for spin. Since spin must be automatically 

conserved for electron exchange to occur (Section 3.4), we 

will not write the latter equation. 

The conservation equations are as follows (see below 

for definition of symbols): 

Energy : 

Linear momentum : 

mvo -+ t ~3~ = mf, t, M ? ~ ,  

Angular momentum: 

( 3 3-la 

(3 3-lb) 

In these equations, subscript 0 denotes quantities long 

before the collision, i.e., those of the incoming electron 

and the X C molecule; subscript 1 denotes quantities long 

after the collision, i.e., those of the outgoing electron 

and the C nu molecule; f is the velocity of the free elec- 
tron; ? is the molecular translational velocity; Ee is the 
molecular electronic energy; E is the molecular vibrational 

1 +  
€5 

3 

V 

30 



-f energy;  Er i s  t h e  molecular  r o t a t i o n a l  energy;  D i s  t h e  

d i s t a n c e  between the  e l e c t r o n  and t h e  c e n t e r  of mass of t h e  

molecule ;  and IJ i s  t h e  reduced mass, d e f i n e d  b y  

m M *  
" m + M  (3 .3-2)  

A l l  v e l o c i t i e s  are r e l a t i v e  t o  a n  i n e r t i a l  c o o r d i n a t e  

s y s t e m .  The i n t e r a c t i o n  p o t e n t i a l  between t h e  e l e c t r o n  and 

t h e  molecule  does  n o t  appear i n  t h e  energy e q u a t i o n  because 

t h e  e q u a t i o n s  are meant t o  apply  o u t s i d e  t h e  i n t e r a c t i o n  

r e g i o n .  I n  the  angular-momentum e q u a t i o n ,  which i s  d e r i v e d  

i n  Appendix A ,  w e  have a n t i c i p a t e d  S e c t i o n  3 .5  by w r i t i n g  

t h e  f r ee  e l e c t r o n ' s  a n g u l a r  momentum c l a s s i c a l l y .  The 

e x c i t a t i o n  energy AE i s  e 

AEe = Ee - DEe = 11.05 eV. 
1 

(3 .3-3)  

We now t r a n s f o r m  t o  r e l a t i v e  and center-of-mass 

c o o r d i n a t e s .  The r e l a t i v e  v e l o c i t y  2 i s  d e f i n e d  by 

E = : : - ? ,  

and t h e  center-of-mass v e l o c i t y  % i s  d e f i n e d  by 

(3 .3-4)  

(3 .3-5)  

I n  terms of 2 and $, t h e  c o n s e r v a t i o n  e q u a t i o n s  are  as  

f o l l o w s  : 
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Energy : 

2 (1/2)1.1g0 + E + E + E = 
vO 

L inea r  momentum: 

+ -+ wo = W1' 

Angular momentum: 

( 3  3-6b) 

The fo rego ing  equa t ions  a r e  e x a c t .  

We can s i m p l i f y  t h e  energy e q u a t i o n  because r o t a t i o n a l  

and v i b r a t i o n a l  quan ta  are much smaller t h a n  e l e c t r o n i c  

quan ta ;  t h a t  i s ,  

The re fo re ,  t o  a good approximation,  

s i m p l y  a ba lance  between t h e  change 

t h e  e l e c t r o n i c - e x c i t a t i o n  energy:  

Accordingly,  t h e  magnitude ( b u t  n o t  

i s  determined as a f u n c t i o n  o f  go,  

The s i m p l i f i e d  energy equa t ion  

(3.3-7) 

t h e  energy e q u a t i o n  i s  

i n  k i n e t i c  energy and 

t h e  d i r e c t i o n )  of gl 

(3 .3-8)  g i v e s  gl as an  

32 



explicit function of g , The linear-momentum equation 

(3.3-6b) simply states that the center-of-mass velocity is 

constant (which results because no external forces act on 

0 

the system) and is not involved in the evaluation of K1. 

If we assume that the precollision quantities z0, go, 
and the angular momentum of the incoming electron are given, 

then we have 6 scalar unknowns - the 2 components of ft  
the 2 angles specifying the direction of 2 , and the 2 
components of the angular momentum of the outgoing electron 

(which are related t o  $l). 

equation provides only 2 nontrivial scalar equations, the 

1' 

1 

Since the angular-momentum 

system of equations and unknowns is underdetermined. 

3.4 Difficulties in Progressing Farther 

Further progress is made in both the classical and 

quantum-mechanical approaches by using the differential 

equation of motion (Chapman and Cowling 1952). This equn- 

tion is Newton's law for the  positions of the collision 

partners in the classical theory and SchrEdinger's equation 

for the wave functions of the collision partners in the 

quantum theory. For the collision of interest, however, 

both approaches are difficult for the reasons given below. 

(1) The interaction potential is unknown. 

Whereas the conservation equations are algebraic, 

Newton's and .Schrbdinger's equations are differential. To 

solve either of them, we must know the electron-molecule 

33 



i n t e r a c t i o n  p o t e n t i a l  th roughout  a l l  space .  F o r  t h e  i n t e r -  

a c t i o n  between an e l e c t r o n  and a homonuclear d i a tomic  mole- 

c u l e ,  however, t h e  p o t e n t i a l  i s  known only a t  l a r g e  separa- 

t i o n  d i s t a n c e s  (Takayanagi and Geltman 1965). 

( 2 )  The Born approximation i s  no t  v a l i d .  

The e x c i t a t i o n  c r o s s  s e c t i o n  f o r  t h e  C nu + X cg 3 1 +  

t r a n s i t i o n  i s  l a r g e  only n e a r  t h r e s h o l d .  The e x c i t a t i o n  

f u n c t i o n  i s  z e r o  a t  t h r e s h o l d  (11.05 e V ) ,  r ises to a maximum 

a t  about  1 8  e V ,  and dec reases  monotonical ly  w i t h  f u r t h e r  

i n c r e a s e  i n  e l e c t r o n  energy ( s e e  F igu re  5-4) .  Hence, w e  

cannot use f o r  t h i s  c o l l i s i o n  t h e  Born approximation of  

quantum mechanics ,  whose basis i s  t h e  assumption t h a t  t h e  

bombarding p a r t i c l e  l o s e s  only a small par t  of i t s  energy 

t o  t h e  target  p a r t i c l e .  Very few quantum-mechanical 

a n a l y s e s  of i n e l a s t i c  e lec t ron-molecule  c o l l i s i o n s  have 

been developed u s i n g  any th ing  bu t  t h e  Born approximation.  

( 3 )  Two energy modes are e x c i t e d  s imul t aneous ly .  

S ince  our i n t e r e s t  i s  i n  t h e  r o t a t i o n a l  e x c i t a t i o n  

t h a t  accompanies t he  e l e c t r o n i c  e x c i t a t i o n ,  w e  must con- 

s i d e r  b o t h  these e x c i t a t i o n s  t o g e t h e r .  The d i f f i c u l t y  of 

t r e a t i n g  t h e , e x c i t a t i o n  of  more t h a n  one energy mode i s  

i n d i c a t e d  by t h e  dear th  of a n a l y s e s  of t h e  problem ( S e c t i o n  

( 4 )  The c o l l i s i o n  i n v o l v e s  e l e c t r o n  exchange. 

The r e s u l t a n t  s p i n  of t h e  molecular  e l e c t r o n s  i s  
d i f f e r e n t  i n  t h e  t r i p l e t  s t a t e  C 3 nu t h a n  i n  t h e  s i n g l e t  



1 +  3 1 +  s t a t e  X c g  0 Hence, t h e  C nu * X cg t r a n s i t i o n  i s  o p t i c a l l y  

f o r b i d d e n  by  t h e  s e l e c t i o n  r u l e  t ha t  s p i n  must be  conserved.  

T h e  t r a n s i t i o n  can a c t u a l l y  occur  b y  e l e c t r o n  exchange. 

The incoming e l e c t r o n ,  which can have a r b i t r a r y  s p i n ,  

changes p l a c e s  w i t h  a molecular  e l e c t r o n ,  which t h e n  

becomes t h e  ou tgo ing  e l e c t r o n ,  Exchange c o l l i s i o n s  are 

more complicated t o  ana lyze  t h a n  c o l l i s i o n s  i n  which 

excbange does n o t  occur .  

t i o n  has been observed i n  a b s o r p t i o n +  ( T i l f o r d ,  Vander s l i ce ,  

3 1 +  Although t h e  C nu * X c g  t r a n s i -  

and Wilkinson 1965) ,  i t  seems t o  occur  b y  e l e c t r o n  exchange 

when i t  i s  e x c i t e d  by e l e c t r o n  impact .  The ev idence  f o r  

t h i s  i s  tha t  t h e  e x c i t a t i o n  f u n c t i o n  has t h e  c h a r a c t e r i s t i c  

shape f o r  e lec t ron-exchange  c o l l i s i o n s  (S tewar t  and 

Gabathuler  1958) .  

3.5 P r e s e n t  Approach t o  t h e  Problem 

3 .5 .1  I n t r o d u c t i o n  of t h e  C l a s s i c a l  Impact Parameter 

I n  t h e  p r e s e n t  s t a t e  of knowledge of  quantum-mechanical 

c o l l i s i o n  t h e o r y ,  i t  appears  hope le s s  t o  c a l c u l a t e  accu ra t e -  

l y  b y  quantum-mechanical methods t h e  c r o s s  s e c t i o n  f o r  

s imul taneous  e l e c t r o n i c  and r o t a t i o n a l  e x c i t a t i o n  f o r  an 

f S e l e c t i o n  r u l e s  f o r  o p t i c a l  t r a n s i t i o n s  vary i n  " s t r i c t -  

nes s" .  The r u l e  t h a t  s p i n  must b e  conserved i s  one of 

t h o s e  most f r e q u e n t l y  v i o l a t e d  i n  n a t u r e .  
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electron-exchange collision for which the Born 

approximation is not valid. We therefore turn our attention 

to a semiclassical approach. 

The conservation equations for energy and linear mo- 

mentum are valid in both the quantum and classical theories. 

The angular-momentum equation is not usually written in a 

quantum theory, but it is valid if the angular momentum is 

written in a quantum form. To make further progress, how- 

ever, we write the angular momentum o f  the free electron as 

the vector product of distance and linear momentum. From 

this point on, the analysis is not purely quantum-mechanical, 

because the impact parameter is strictly a classical concept. 

We discuss the implications o f  this step in Section 3.6. 

The coordinate system is shown in Figure 3-1. The 

origin is on the internuclear axis midway between the nitro- 

gen atoms. The axes are chosen so that, before collision, 

the molecule is aligned with the z axis and 

momentum ]go I in the positive-x direction. 

2onents of 8,  are as follows: 
= &[Ko(KO+l)] 1/2 . 

(20).X 

has angular 

Hence the com- 

In Equation (3.5-la) M=1.054x10 -27 erg-see is related to 
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ter col l i ts ion 
cc 3 R, 3 t& te? )  

X 

4 
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Planck ' s  c o n s t a n t  h by  % = h / 2 ~ .  We pu t  arrows over  t h e  

components of  K to avoid  confus ion  w i t h  t h e  quantum number 

K .  We assume t h a t  a c o l l i s i o n  occurs  only  if the  e l e c t r o n  

s t r i k e s  t h e  i n t e r n u c l e a r  a x i s  (which w e  assume has a f i n i t e  

w i d t h  w ), s o  t h a t  t he  components o f  6 are as f o l l o w s :  

3 

Dx = 0. ( 3  5-2a) 

The d i s t a n c e  D i s  r e l a t e d  to t h e  impact parameter  b f o r  t h e  

c o l l i s i o n .  We emphasize t h a t  o u r  c o o r d i n a t e  axes  a r e  

a l i g n e d  w i t h  t he  

a x i s  and 3; t h e y  

c o l l i s i o n  occurs  

i n i t i a l  d i r e c t i o n s  o f  t h e  i n t e r n u c l e a r  

do no t  r o t a t e  w i t h  t h e  molecule .  The 

i n  a t ime i n t e r v a l  t h a t  i s  small compared 

w i t h  t h e  p e r i o d  of r o t a t i o n  of t h e  molecule ,  however, s o  

t h a t  t h e  molecule  s t a y s  p r a c t i c a l l y  a l i g n e d  w i t h  t h e  z 

a x i s  du r ing  t h e  c o l l i s i o n .  Hence Equat ions (3.5-2) ho ld  

for both Do and D1. 

axes i s  s p e c i f i e d  by t h e  p o l a r  ang le s  0 and 8 SQ t b t  We 

have 

3 -F 
The d i r e c t i o n  o f  2 r e l a t i v e  to t h e  

g g' 

g' 

€3' 

= g s i n  Cp cos 8 
gX g 

g Y  g = g s i n  Cp s i n  8 
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With t h e  f o r e g o i n g  n o t a t i o n ,  w e  can write t h e  angu la r -  

momentum e q u a t i o n s  i n  component form as follows: 

x component: 

P D ~  gl s i n  s i n  8 + ( W , ) x .  
g1 i31 

y component: 

pD0 go s i n  Cp COS e = 

wD1 gl s i n  9 cos 8 + ( K l ) y .  

g0 8 0  
-t 

g1 g1 

( 3  5 - 4 4  

( 3 5-4b 

z component: 

The unknowns i n  Equat ions  (3.5-4)  are t h e  f i n a l  impact 

and 8 t h a t  s p e c i f y  t h e  d i r e c -  d i s t a n c e  D1, t h e  a n g l e s  Cp 
g1 g1 
I I 

t i o n  of gl, and t h e  two components of rk,. By i n t r o d u c i n g  

t h e  c l a s s i c a l  impact pa rame te r ,  w e  have reduced t h e  number 

of unknowns by  one.  I n s t e a d  of t h e  2 components of  t h e  ou t -  

go ing  e l e c t r o n ' s  a n g u l a r  momentum, w e  have t h e  s c a l a r  

q u a n t i t y  D1. 
-% 

+- 
The magnitude of K1 i s  g iven  i n  terms of  i t s  components 

by 

( 3  5-5) 

and i n  terms of t h e  f i n a l  r o t a t i o n a l  quantum number K1 by 
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(g1I2 = fi2[K,(Kl+l)]. S o l v i n g  f o r  K 1 ,  we o b t a i n  

Thus, K 1  i s  a f u n c t i o n  of  t h e  p r e c o l l i s i o n  q u a n t i t i e s  as 

i n d i c a t e d  by 

3.5.2 E x p l o i t a t i o n  o f  t h e  I n t e g e r  Nature  of t h e  F i n a l  

R o t a t i o n a l  Quantum Number 

It i s  p o s s i b l e  t o  make t h e  s y s t e m  of e q u a t i o n s  and unknowns 

d e t e r m i n a t e  b y  e x p l o i t i n g  t h e  quantum requi rement  t h a t  

K1 = ( a n  i n t e g e r ) .  ( 3 - 5 - 8 )  

For  g iven  v a l u e s  of  t h e  p r e c o l l i s i o n  q u a n t i t i e s ,  on ly  c e r t a i n  

combinat ions of  v a l u e s  of t h e  p o s t c o l l i s i o n  q u a n t i t i e s  w i l l  

y i e l d  an i n t e g e r  v a l u e  f o r  K 

t i t i e s  have t h e  r anges  (See F i g u r e  3-1) 

These p o s t c o l l i s i o n  quan- 1' 

- r o 5 D 1  5 ro  . ( 3  * 5-91 

If we c o n s i d e r  K t o  b e  a cont inuous  f u n c t i o n  of  D1, 1 
and 8 , t h e n  K1 w i l l  i n  g e n e r a l  have a minimum v a l u e  K 

g l  lmin 
and a maximum v a l u e  K . The p o s s i b l e  i n t e g e r  v a l u e s  of 

lmax 
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K1 are t h e  i n t e g e r s  between K and K . We can s o l v e  

f o r  t h e  ex t rema1 v a l u e s  of K i n  c l o s e d  form i n  t h e  fo l low-  
1 

i n g  way. 

lmin ’ma, 

We can manipula te  t h e  s o l u t i o n  f o r  12, I i n t o  t h e  form 

(3.5-12) 

where 

c = 2 1-1 Do go s i n  4 . 
g0 

The v a l u e  of 0, 

b y  

a t  which 1%11 a c h i e v e s  a n  extremum i s  g iven  
Q1 

U 

c C O S  e t a n  8 = 

g0 Q1 
( 3  5-14) 

Equat ion  (3.5-14) has  two s o l u t i o n s  (which y i e l d  a minimum 

and maximum of % ), g iven  by 1 11 

The v a l u e  of 8, i s  independent  o f  D1 and Cp . F-n the rmore ,  
“1 

D1 and ($, appea r  on ly  i n  b ,  s o  t h a t  we can c o n s i d e r  b as a 
g l  

s i n g l e  unknown. If w e  r e p l a c e  8 

wr i t e  Equat ion  (3.5-12) as 

by eE o r  Be + IT, we caln 
g l  

41 



The p l u s  s i g n  goes w i t h  0 =ee ,  and t h e  minus s i g n  w i t h  8 
g l  51 

=ee+ T. 

2 The ex t rema1 v a l u e  of  (12, I ) e o c c u r s  when 

b = be = -Q/2. ( 3  5-18) 

T h i s  extremum i s  a minimum, and (j$J )e i n c r e a s e s  monotonic- 

a l l y  as b i s  v a r i e d  away from b e ,  

w e  w i l l  have 

I f  I'+Kol i s  large enough, 

which i s  i m p o s s i b l e  because  of  Equat ion  (3 .5-9) .  Thus, w e  

have t h e  f o l l o w i n g  c a s e s  (We use  t he  n o t a t i o n L  = P p o g l - ) :  

Case I: Q < 0 .  ( 3  05-20] 

K1 = K1 when b = -L. 
max 

b = L, i f  be 2 L 

b = be ,  
K1 = K1 when [ 

min 

Case 11: Q > 0. 

K1 = K1 when b = L. 
m a  x 

(3.5-21a) 

( 3 5-21b 
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b = be, i f  l b e l < L  1 
K1 = K when [ ( 3 5-2333 1 

b = -L, i f  
. 

] b e l  2~ lmin  

Case 111: Q = 0 .  

I n  t h i s  ca se ,  w e  have 

s o  t ha t  w e  have 

K1 = K when b = 0. 
lmin  

( 3  05-24) 

Numerical c a l c u l a t i o n s  for t y p i c a l  v a l u e s  of t h e  i n i -  

t i a l  c o l l i s i o n a l  parameters i n d i c a t e  t h a t  n',. can take  on 

o n l y  one o r  two p o s s i b l e  i n t e g e r  v a l u e s  f o r  each  se t  o f  

i n i t i a l  c o n d i t i o n s .  T h i s  occu r s  because r e l a t i v e l y  l i t t l e  

r o t a t i o n a l  e x c i t a t i o n  can take  p l a c e  f o r  t h e  i n i t i a l  condi- 

t i o n s  of i n t e r e s t .  For  example, f o r  a n  i n i t i a l  r o t a t i o n a l  

quantum number KO=lO, K1 can r ange  from 8 t o  1 2  f o r  a l l  

v a l u e s  of  r e l a t i v e  v e l o c i t y  go and impact d i s t a n c e  Do tha t  

occur  i n  the  s p a r k  ( S e c t i o n  5 . 5 . 2 ) .  The p o s s i b l e  v a l u e s  of 

K1 are shown i n  Table  I f o r  s e v e r a l  t y p i c a l  c a s e s .  

The r ange  o f  go i n  Table I i s  t h a t  over  which the  c o l -  

l i s i o n  c r o s s  s e c t i o n  i s  s i g n i f i c a n t .  The r ange  of  Do cor re -  

sponds t o  t h e  r a d i u s  o f  the  N2 molecule .  The a n g l e s  $ = 
g0 

0 = n/2 g i v e  the  m a x i m u  t r a n s f e r  o f  a n g u l a r  momentum. 
g0 
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TABLE I - POSSIBLE INTEGER VALUES OF K1 

FOR TYPICAL CASES: KO = 10, Cp =T/2 , 8 =T/2 
g0 g0 

P o s s i b l e  In t ege r  
g o ( c m / s e c  x l o 8 )  Do(cm x 10-9) values  o f  K1 

3 - 0  

3 .0  

3 .0  

3 . 0  

3 - 0  

3.0 

3 - 0  

2.2 

2.4 

2.6 

2.8 

3.0 

5.4 

3.6 

1.8 

0 

-1.8 

-3.6 

-5.4 

-1.0 

-1.0 

-1.0 

-1.0 

-1.0 

11, 12 

10, 11 

10, 11 

10 

9, 10 

9, 1 0  

8,  9 
10 

10 

9, 10 

9, 10 

9, 10 

4 4  



I n  summary, t h e  p o s s i b l e  i n t e g e r  v a l u e s  of K1 (which 

are f u n c t i o n s  of  K O ,  go,  Do, 4 

u s i n g  o n l y  t h e  c o n s e r v a t i o n  e q u a t i o n s  and the  quantum condi-  

, and 8 ) can be  found 
g0 g0 

t i o n .  Nei ther  t h e  i n t e r a c t i o n  p o t e n t i a l  n o r  t h e  d e t a i l  of 

t h e  e l e c t r o n ' s  t r a j e c t o r y  i s  u t i l i z e d .  The quantum c o n d i t i o n  

makes t h e  s y s t e m  o f  e q u a t i o n s  and unknowns d e t e r m i n a t e  by  

e f f e c t i v e l y  e l i m i n a t i n g  D (p , and 8 as unknowns. T h i s  

approach t o  t h e  a n a l y s i s  of  t h e  c o l l i s i o n  may be  c a l l e d  a 

"quan t i zed  c l a s s i c a l  model". To o u r  knowledge, t h i s  quantum 

c o n d i t i o n  has n o t  p r e v i o u s l y  been used  t o  s o l v e  a c o l l i s i o n  

problem. The use  o f  t h i s  c o n d i t i o n  i s  one o f  t h e  nove l  

1' g1 gl 

a s p e c t s  o f  t h e  p r e s e n t  a n a l y s i s .  

S i n c e  more t h a n  one i n t e g e r  v a l u e  o f  5 1s p o s s i b l e  

f o r  some sets o f  c o l l i s i o n  p a r a m e t e r s ,  t h e  q u a n t i z e d  C l a S S i -  

c a l  a n a l y s i s  does n o t  de t e rmine  5 un ique ly .  

5.5.1, w e  d i s c u s s  how w e  account  f o r  t h i s  nonuniqueness .  

I n  S e c t i o n  

3.6 V a l i d i t y  o f  t h e  C l a s s i c a l  Approach 

3 . 6 . 1  U n c e r t a i n t y  i n  t h e  E l e c t r o n ' s  T r a j e c t o r y  

Although w e  have e x p l o i t e d  t h e  f a c t  t h a t  K1 i s  quan- 

t i z e d ,  o u r  a n a l y s i s  i s  p a r t l y  c l a s s i c a l  because w e  have 

w r i t t e n  t h e  f ree  e l e c t r o n ' s  a n g u l a r  momentum as t h e  p roduc t  

o f  t h e  l i n e a r  momentum and t h e  impact parameter. A b a s i c  

assumption o f  c l a s s i c a l  mechanics i s  t h a t  an  o b j e c t ,  such  

as t h e  f r ee  e l e c t r o n  i n  t h e  p r e s e n t  problem, i s  a p o i n t  

mass whose p o s i t i o n  and momentum are known p r e c i s e l y  a t  
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each point on its trajectory. In reality, however, an 

object has not only a particle nature but a wave nature, 

which is characterized by its de Broglie wavelength AD. 

In a collision problem, the bombarding object can be assumed 

to travel on a well-defined trajectory only if AD is small 

compared with the characteristic length of the scattering 

region. For the present collision, the characteristic 

length is the internuclear distance of N2(X1Zg+), which is 

2 ro = 1.094 X 

given by 

cm. The de Broglie wavelength AD is 

AD = h/m vo . (3 .6-1)  

By using as a typical electron velocity the value vo = 3 X 

10 cm/sec, we obtain 8 

AD/2 ro = 2. (3.6-2) 

Hence, the free electron's trajectory is in fact "smeared 

out" over a distance that is large compared with the inter- 

nuclear distance. 
4 

We see the effect of this smearing from the following 

consideration. Our classical picture of the collision is 

the one sketched in Figure 3-1. If, for simplicity, we 

consider the case 4 = 8 = n / 2 ,  then we assume in our 
g0 g0 

classical analysis that we know Do precisely and that the 

z component of go is precisely zero. 

there are uncertainties ADo in the impact distance and 

-f In reality, however, 
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Ago in the z component of the relative velocity. These 

uncertainties are related by Heisenberg's uncertainty 

principle : 

Z 

m Ago ADo 2 h. 
z 

If we have the large (relative t o  typical values of 'vo) 
8 uncertainty in go of Ago = 10 cm/sec, then we obtain 

Z Z 

ADo / 2 ro = 6 .  

With a more precise knowledge of g o ,  our knowledge of Do 

would be even less precise. This relatively large uncer- 

tainty in Do produces a large uncertainty in the amount of 

rotational excitation that results from the collision. In 

spite of this, the classical approach has in fact been used 

successfully to analyze the type of collision of interest 

here. 

3.6.2 Precedents f o r  Analyzing the Collision 

Classically 

Gryzinski, in particular, has developed a classical 

analysis of atomic collisions. This he applied t o ,  among 

other collisions, excitation of atoms by electron impact 

in which electron exchange occurs (see Gryzinski 1965). 

Bauer and Bartky (1965) extended Gryzinski's method to 

electron-molecule collisions and used it to predict the 

cross section for excitation of the second-positive band 

system of N2. As we mentioned in Section 3.2, Bauer and 

Bartky's predicted cross sections agree well with measured 
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va lues :  

I n  view of  Bauer and B a r t k y ' s  success  i n  p r e d i c t i n g  
3 t h e  c r o s s  s e c t i o n  f o r  e x c i t a t i o n  of  t h e  C ITu e l e c t r o n i c  

s t a t e  by a c l a s s i c a l  method, w e  f e e l  i t  worth a t r y  t o  

p r e d i c t  t h e  accompanying r o t a t i o n a l  e x c i t a t i o n  by means o f  

c l a s s i c a l  mechanics.  A f u l l  quantum-mechanical a n a l y s i s  

would be d i f f i c u l t ,  i f  n o t  imposs ib l e ,  to c a r r y  o u t ,  where- 

as o u r  q u a n t i z e d  c l a s s i c a l  a n a l y s i s  i s  r e l a t i v e l y  s imple .  
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CHAPTER 4 

POPULATION OF THE C3nU ROTATIONAL LEVELS 

A S  A RESULT OF THE COLLISIONS 

4 . 1  I n t r o d u c t i o n  

I n  t h i s  c h a p t e r  w e  d e r i v e  t h e  formula  f o r  t h e  

p o p u l a t i o n  N 

v i b r a t i o n a l  l e v e l  o f  t h e  C ITu e l e c t r o n i c  s t a t e .  

t h i s  formula  by c a l c u l a t i n g  t h e  f r a c t i o n a l  r a t e s  a t  which 

t h e  C SIu r o t a t i o n a l  l e v e l s  a r e  popu la t ed  by e l ec t ron - impac t  

e l e c t r o n i c  e x c i t a t i o n  of  t h e  X I E  i- molecu le s .  We o b t a i n  

these r a t e s ,  i n  t u r n ,  by examining t h e  s t a t i s t i c s  of the  

o f  t h e  r o t a t i o n a l  l e v e l  K1 of  t h e  ground 
3 K1 

We o b t a i n  

3 

g 

e l ec t ron -molecu le  c o l l i s i o n s ,  based on o u r  q u a n t i z e d  

c l a s s i c a l  a n a l y s i s  (Chapter  3 ) .  I n  Chapter 5 ,  w e  sha l l  

o b t a i n  numer i ca l  r e s u l t s  from t h i s  fo rmula .  

3 4 . 2  P r o p o r t i o n a l i t y  of  t he  C IIu P o p u l a t i o n  t o  t h e  E x c i t a t i o n  

R a t  e 

The i n s t a n t a n e o u s  p o p u l a t i o n  N ( t )  i s  g i v e n  by 
K1 

t 

( t >  = 1 ('ex,K 1 
(4.2-1) - r  d t ' ,  

1 e m , K  
0 

Kl 

where rex,K i s  t h e  r a t e  of  c o l l i s i o n a l  e x c i t a t i o n  t o  the 
1 
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r o t a t i o n a l  l e v e l  K o f  t h e  ground v i b r a t i o n a l  l e v e l  of 1 
i s  t h e  r a t e  of r a d i a t i v e  d e - e x c i t a t i o n  N 2 ( C  3 f lu>  and rem,K 

1 
from t h i s  r o t a t i o n a l  l e v e l .  A l l  o t h e r  p o p u l a t i o n  and 

d e p o p u l a t i o n  p r o c e s s e s  are n e g l i g i b l e  (Chapter  2 ) .  We 

assume t h a t  t h e  ra tes  are c o n s t a n t  w i t h  t i m e ,  s o  t h a t  

Equat ion  ( 4 . 2 - 1 )  r e d u c e s  to 

( 4 . 2 - 2 )  

The r a t e  of r a d i a t i v e  d e - e x c i t a t i o n  rem,K i s  t h e  number o f  
1 

molecu le s  p e r  u n i t  t ime  t h a t  undergo any o f  t h e  p o s s i b l e  

downward r a d i a t i v e  t r a n s i t i o n s  from t h e  r o t a t i o n a l  l e v e l  K1. 

From t h e  s t a n d a r d  fo rmulas  f o r  spontaneous  emis s ion  

(Herzberg  1950), w e  o b t a i n  

r e m , K  = A N , 
Kl 1 ( 4 . 2 - 3 )  

where t h e  p r o p o r t i o n a l i t y  f a c t o r  A i s  independent  o f  K1. 

By s u b s t i t u t i n g  Equat ion  ( 4 . 2 - 3 )  i n t o  Equat ion  ( 4 . 2 - 2 ) ,  we 

o b t a i n  

= B r  ex,K1’ ( 4 . 2 - 4 )  

where t h e  p r o p o r t i o n a l i t y  f a c t o r  B ( t )  i s  independent  of  K1. 

Hence t h e  i n s t a n t a n e o u s  p o p u l a t i o n  N v a r i e s  w i t h  K1 
K, I 

i n  t h e  same way as does  t h e  e x c i t a t i o n  r a t e  rex,K , so  t h a t  

t h e  problem of  c a l c u l a t i n g  NK r e d u c e s  to t h a t  of  c a l c u l a t -  
1 

i n g  r I n  S e c t i o n  4 .3 ,  w e  s h a l l  de r ive  t h e  formula  f o r  

1 

ex,K * 1 
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as a f u n c t i o n  of  K1. 
1 rex,K 

4.3 D e r i v a t i o n  of  the  Formula f o r  the E x c i t a t i o n  Rate 

4.3.1 R e l a t i o n  t o  t h e  C o l l i s i o n  Rate 

The e x c i t a t i o n  

c o l l i s i o n s  pe r  u n i t  

t i e s  K O ,  go, and Do -+ 

ra te  rex i s  t h e  number of  e x c i t a t i o n  
' 1  

t i m e  i n  which the  p r e c o l l i s i o n  q u a n t i -  

are such as t o  y i e l d  K1 as t h e  f i n a l  

r o t a t i o n a l  quantum number. We can separate the  dependence 

on K O ,  go,  and Do i n  t h e  f o l l o w i n g  way. -k 
The ra te  of e x c i t a -  

. t i o n  c o l l i s i o n s  i n  which t h e  i n i t i a l  r o t a t i o n a l  quantum 

number i s  KO i s  p r o p o r t i o n a l  t o  t h e  number NK 

t h a t  are i n  t h e  r o t a t i o n a l  l e v e l  KO of t h e  ground v i b r a t i o n -  

a1 l e v e l  of  N2(X C Since  t h e  f r a c t i o n  of  molecules  t ha t  

are  e x c i t e d  d u r i n g  t h e  spark d u r a t i o n  i s  small (Chapter 21, 

of  molecules  
0 

1 t  
g 

) .  

i s  p r a c t i c a l l y  c o n s t a n t  d u r i n g  t h e  spark.  I f  w e  let 

be t h e  f r a c t i o n  o f  molecules  i n  t h e  group NK tha t  

are e x c i t e d  by e l e c t r o n  impact t o  the K1 r o t a t i o n a l  l e v e l  

NKO 
a 
KO'K1 0 

of t h e  ground v i b r a t i o n a l  l e v e l  of N2(C 3 TIu) p e r  u n i t  t i m e ,  

t h e n  w e  have 

r ex,K1 -&"KO aKO,Kl .  
0 

Now c o n s i d e r  t h e  phase space i n  which t h e  c o o r d i n a t e s  are 

go, @ , 9 , and Do ( o r  e q u i v a l e n t l y ,  go and D o ) .  For a 
go go 

g i v e n  v a l u e  of  K O ,  each  p o i n t  i n  t h i s  space  cor responds  t o  

a va lue  K i  o f  K1, i . e . ,  i f  a n  e x c i t a t i o n  c o l l i s i o n  occur s  
-+ 

i n  which the  p r e c o l l i s i o n  q u a n t i t i e s  are KO, go, and Do,  
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t h e n  t h e  f i n a l  r o t a t i o n a l  quantum number w i l l  be Ki. 

Ki i s  d i s c r e t e - v a l u e d ,  there  i s  a f i n i t e  volume T 

t h i s  space t h a t  cor responds  to Xi. 

Because 

i n  
Kg ,Ki 

There i s  a se t  of these 

volumes f o r  each  v a l u e  of KO. I f  

t h a t  N 8 ( g o ,  D o )  dgo d D o  i s  t h e  

c o l l i s i o n s  p e r  u n i t  t i m e  i n  which 

quantum number i s  KO, t h e  i n i t i a l  

-+ 

KO 

+ w e  d e f i n e  f3(go,Do) such  

number of e x c i t a t i o n  

t h e  i n i t i a l  r o t a t i o n a l  

r e l a t i v e  v e l o c i t y  i s  i n  

t h e  range  $ 

range  D to D + d D  t h e n  w e  have 

to gO+dzO, and the impact d i s t a n c e  i n  t h e  0 

0 0 0’ 

= J f3 (ZO,DO)  dZo dD()* (4.3-2) aKo , K1 

The r e l a t i v e  e x c i t a t i o n  r a t e  B e q u a l s  t h e  r e l a t i v e  

c o l l i s i o n  ra te  v times t h e  p r o b a b i l i t y  F t h a t  a c o l l i s i o n  

w i l l  produce t h e  e l e c t r o n i c  e x c i t a t i o n :  

We wr i t e  F,  which i s  p r o p o r t i o n a l  t o  t h e  e x c i t a t i o n  f u n c t i o n  

f o r  t h e  C IIu + XIC + t r a n s i t i o n ,  as a f u n c t i o n  only  o f  go 

because t h e r e  i s  no expe r imen ta l  ev idence  t h a t  F depends 

3 
g 

on any th ing  e l se .  By s u b s t i t u t i n g  Equat ions  (4.3-2)  and 

(4.3-3) i n t o  Equat ion  (4 .3 -1 ) ,  we o b t a i n  f i n a l l y  

-f 
We now d e r i v e  a formula f o r  v ( g o ,  D o ) .  
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4.3.2 D e r i v a t i o n  o f  Formula f o r  t h e  C o l l i s i o n  Rate 

We f o l l o w  ( b u t  modify s l i g h t l y )  t h e  d e r i v a t i o n  g i v e n  

by Chapman and Cowling (1952) ,  S e c t i o n  3.5.  We b e g i n  by 

c o u n t i n g  t h e  number o f  c o l l i s i o n s  o c c u r r i n g  d u r i n g  t h e  t i m e  

i n t e r v a l  d t  and i n  which t h e  i n i t i a l  mo lecu la r  r o t a t i o n a l  

quantum number i s  KO, t h e  impact parameter between bo and 

bo+dbo, t h e  e l e c t r o n  v e l o c i t y  between so and $o+d$o, and 

t h e  molecu la r  v e l o c i t y  between Vo and V +dVo.  

t a k i n g  the  molecu la r  s t r u c t u r e  i n t o  a c c o u n t ,  w e  must a l s o  

s p e c i f y  t h e  o r i e n t a t i o n  of Kg and o f  t h e  i n t e r n u c l e a r  a x i s .  

3 + 3  
S i n c e  w e  are 

0 

+ 

+ 
The d i r e c t i o n  o f  KO i s  s p e c i f i e d  by  t h e  p o l a r  a n g l e s  Cp 

KO 
, and t h e  d i r e c t i o n  o f  t h e  i n t e r n u c l e a r  a x i s  i s  

s p e c i f i e d  by  t h e  a n g l e  6 between t h e  i n t e r n u c l e a r  a x i s  and 

a n  a r b i t r a r y  l i n e  i n  t h e  p l a n e  p e r p e n d i c u l a r  t o  KO. We 

s p e c i f y ,  t h e n ,  t h a t  KO l i e s  w i t h i n  a s o l i d  a n g l e  dQ and 

t ha t  t h e  i n t e r n u c l e a r  a x i s  l i e s  i n  t h e  r ange  6 t o  6+d6 .  

+ 

+ 

For  such  a c o l l i s i o n  t o  o c c u r ,  t h e  e l e c t r o n  must b e  i n  

t h e  c y l i n d e r  s k e t c h e d  i n  F i g u r e  4-1  a t  t h e  beg inn ing  of t h e  

i n t e r v a l  d t .  Here w i s  the  width o f  t h e  molecule .  The 

volume of t h e  c y l i n d e r  i s  

(4.3-5)  

where wdbO r e p l a c e s  t h e  f a c t o r  bdbdc t ha t  appears f o r  

c o l l i s i o n s  between p o i n t  p a r t i c l e s .  

terms o f  d D o  by 

We r e p l a c e  dbo i n  
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Figure 4-1: Cyl inder  Used to C a l c u l a t e  

t h e  C o l l i s i o n  Rate 

F igu re  4-2: R e l a t i o n  between t h e  Impact 
Parameter and t h e  Dis tance  Along 
t h e  I n t e r n u c l e a r  A x i s  
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dbo = d D o  s i n  y, ( 4 . 3 4 )  

where y i s  t h e  a n g l e  between zo and t h e  i n t e r n u c l e a r  a x i s  

(see F i g u r e  4 - 2 ) .  There i s  one c y l i n d e r  of t h i s  t y p e  f o r  

each  molecule  o f  t h e  s p e c i f i e d  t y p e .  The f r a c t i o n  of mole- 

c u l e s  w i t h  v e l o c i t y  between b, and 'ifo+dg0 i s  flvI($o)d?o, 

where fM i s  t h e  molecu la r  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n .  

S i n c e  a l l  d i r e c t i o n s  of  2, and o f  t h e  i n t e r n u c l e a r  a x i s  are 

e q u a l l y  l i k e l y ,  t h e  p r o b a b i l i t y  t h a t  Eo i s  i n  t h e  s o l i d  

a n g l e  dQ i s  db2/4~r, and t h e  p r o b a b i l i t y  t h a t  t h e  i n t e r n u c l e a r  

a x i s  i n  t h e  r ange  6 t o  6+d6 i s  d6/2?r. Hence t h e  number of  

molecules  of t h e  s p e c i f i e d  t y p e  (and  hence of  c y l i n d e r s )  i s  

fM(  q0) (dq0 d Q / 4 ~ )  ( d 6 / 2 1 ~ )  
NKO 

(493-71 

The t o t a l  vslume o f  t h e  c y l i n d e r s  i s  t h e r e f o r e  

( w  d t )  NK fM(qo) d'ifo go s i n  y dDo (dbl /4~)  ( d 6 / 2 ~ ) .  
0 

( 4 . 3 4 )  

S i n c e  t h e  number of e l e c t r c n s  i n  t h e  r ange  f, t o  fotdGo 
i s  Nefe(50)d;o (where Ne i s  the t o t a l  e l e c t r o n  d e n s i t y  and 

f e  i s  t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n ) ,  t h e  

number of e l e c t r o n s  i n  t h i s  total vokume i s  

S i n c e  each  such e l e c t r o n  r e p r e s e n t s  a c o l l i s i o n  of  t h e  
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specified type, the number of collisions of  the specified 

type is given by the foregoing expression, and the rate of 

these collisions is given by the above expression divided 

by dt: 

We now transform t o  relative and center-of-mass 

velocities, as in Chapter 3. The product of elemental 

Volumes in velocity space becomes 

+ 3  + +  
dVo dvo = dgo dW * (4 3-11) 

By substituting Equation (4.3-11) into expression (4.3-101, 

we obtain 

Comparing the foregoing expression with Equation (4 -3-4) , 
we obtain 

where the integration is taken over all possible values of 

W,Q, and 6. 
3 
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4.3.3 Integration over the Center-of-Mass Velocity 

and the Orientation of the Internuclear Axis 

To perform the integration over '$, we must know the 

form of the velocity distribution functions. We are con- 

sidering only the case in which fM is Maxwellian. 

show in Appendix B, fe also is Maxwellian. 

f are given by 

As we 

Hence, fe and 

M 

where C 

and molecular temperatures, respectively. 

and W, the product fefM becomes 

and C M  are constants and Te and To are the electron e 
-+ In terms of go 

3 

re f M = c e c m e x p { - ~ [ ( ? L t L ) W 2  Te TO 

+ 21.1 (& - %) go w cos*]}x 

where Y is the angite .between zo and w". 
We use the coordinate system illustrated in Figure 3-1. 

The directions of $f and go are taken relative to the orien- 
tations of 8,  and the internuclear axis. As we mentioned 

above, go and the internuclear axis are randomly oriented 
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r e l a t i v e  to a f i x e d  c o o r d i n a t e  sys t em.  The i n t e g r a t i o n s  

over  SI and 6 ,  which w e  w i l l  perform l a t e r ,  w i l l  account  f o r  

a l l  p o s s i b l e  c o l l i s i o n s .  

c o o r d i n a t e  s y s t e m  shown i n  F i g u r e  3-1 i s  specifrl.ed by t h e  

p o l a r  a n g l e s  @w and Ow as f o l l o w s :  

The d i r e c t i o n  of $ r e l a t i v e  t o  the  

Wx = W s i n  @w cos  . (4.3-16a) OW 

(4.3-16b) W' W = W s i n  @w s i n  8 
Y 

The e lementary  volume i n  v e l o c i t y  space  i s  

( 4  3-17) d$ = W 2 dW s i n  @w d@W deW, 

and t h e  a n g l e  Y i s  g iven  by 

cos  Y = s i n  @w cos  Ow s i n  @ c o s  8 + 
g0 g0 

s i n  @ s i n  ew s i n  4 s i n  e + cos  $w cos  4 . 
g 0  g0 80  W 

(4.3-18) 

The a n g l e  y i s  g iven  b y  

(4 3-19) 

The i n t e g r a l  Iw over  w' can thus be  w r i t t e n  

IW 

s i n  @w d@w dew. (4.3-20) 
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The integrals here can be evaluated in closed form, if we 

'neglect terms that contain the small quantities m/M and 

TO/Te The result is 

Iw = (a constant). (4.3-21) 

Hence Equation (4.3-13) becomes 

where the constant C is given by 

c = w ce CM Iw. (4 3-23) 

The integrand in Equation (4.3-22) is independent of 

0 and 6. Hence the integrations over these angles yield 

2lT 1 d6J2" = 1. 
6=0 

By substituting Equations (4.3-24) into Equation (4.3-221, 

we obtain 

With the use of the approximations p z m, m <<M, and 

T o  << Te, the exponential factor in Equation (4.3-25) becomes 
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2 exp(-mgo/2kTe), so that Equation (4.3-25) becomes 

(4.3-26) 3 2 v(goy D o )  = C go sin y exp(-mgo/2kTe). 

Substituting this result into Equation (4.3-4), we obtain 

The elementary volume in velocity space is given by 

(4.3-28) - 2  3 
dgo - go dgo sin Cp d$ de . 

go go go 

By substituting Equations (4.3-19) and (4.3-28) into Equa- 

tion (4.3-271, we obtain the following expression for the 

excitation rate in terms of the precollision quantities: 
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CHAPTER 5 

EVALUATION OF THE PHASE-SPACE INTEGRAL 

5 . 1  I n t r o d u c t i o n  

Although Equat ion  (4 .3-29)  e n a b l e s  one t o  compute 

r i n  p r i n c i p l e ,  t h e  e v a l u a t i o n  of t h e  phase-space i n t e -  ex , K, 
.A 

g r a l  i n  Equa t ion  ( 4 . 3 - 2 9 )  i s  d i f f i c u l t  i n  p r a c t i c e .  I n  

f a c t ,  t h e  development of a method f o r  e v a l u a t i n g  t h i s  i n t e -  

g r a l  was a major  problem i n  t h e  p r e s e n t  r e s e a r c h .  The 

complexi ty  of t h e  i n t e g r a t i o n  r e g i o n  ?: , whose geometry 

i s  de te rmined  by t h e  c o l l i s i o n  dynamics (Chapter  3 ) ,  p r e -  
KO’K1 

c l u d e s  e v a l u a t i n g  t h e  i n t e g r a l  i n  c l o s e d  form. S tanda rd  

methods of numer ica l  i n t e g r a t i o n  are no t  feas ib le  because 

t h e  i n t e g r a l  i s  ove r  f o u r  v a r i a b l e s  ( g o ,  Do, tJgo, ego) so  

t ha t  a p r o h i b i t i v e  amount of  computer t i m e  i s  r e q u i r e d  t o  

o b t a i n  any amount of a c c u r a c y .  A d d i t i o n a l  d i f f i c u l t i e s  are 

t h a t  TK i s  n o t  known e x p l i c i t l y  and t h a t  K1 i s  a d i s -  
0’ 1 

Crete-va lued ,  r a t h e r  t h a n  a con t inuous ,  f u n c t i o n  of KO, g o ,  

Do, 4)go, and 8 . A Monte-Carlo method, however, proved t o  
Q O  

be feas ib le .  I n  t h e  p r e s e n t  c h a p t e r ,  w e  e x p l a i n  t h e  a p p l i -  

c a t i o n  of t h i s  method t o  t h e  e v a l u a t i o n  of  t h e  phase-space 

i n t e g r a l .  
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5.2 Monte-Carlo Evaluation of the Phase-Space Integral 

5.2.1 Description of the Monte-Carlo Method 

The Monte-Carlo method (see Brown 1956 f o r  the intro- 

ductory discussion) has been used by previous workers 

(Karplus, Porter, and Sharma 1965) to analyze molecular 

collisions similar to the present one. The Monte-Carlo 

method simulates the huge number of random collisions 

occurring in the gas by computing the results of a much 

smaller number of collisions. These collisions are chosen 

randomly, except that the collisional parameters are chosen 

proportionately to how frequently they actually occur in the 

gas. 

5.2.2 Example of the Monte-Carlo Evaluation of an 

Integral 

Consider the quantity I defined by 

I: = [ f(x) dx, 

a 

where 0 ,< f(x) 5 M. To evaluate I by the Monte-Carlo Method, 

we choose a large number of pairs of random numbers X and Y, 

in the ranges 

a S X < b  

O I Y L M  

(5.2-2) 

For each pair of values, we perform the following test: is 
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Y 5 f(X)? This is illustrated in Figure 5-1, which shows 

two random points - (Xl, Y1) and (XII, Y I I ) .  

the answer is no; for point 11, the answer is yes. If n is 

For point I, 

the number of pairs for which the answer is yes and N is the 

total number of pairs tested, then I is given by 

I = (n/N) M (b-a). ( 5 b 2 - 3 )  

The answer becomes exact in the limit as N+m, that is, 

I = M (b-a) $&= (n/N) . (5.2-4) 

For multiple integrals, the Monte-Carlo method often 

is superior to ordinary numerical integration (quadrature). 

The Monte-Carlo method, in fact, may be feasible for inte- 

grals for which quadrature is hopelessly impractical. By 

this we mean that the number of points required to obtain a 

given error (standard deviation) using the Monte-Carlo method 

is much less than the number of points required to obtain 

the same error using quadrature. This results because the 

Monte-Carlo points are chosen randomly over the integration 

volume, whereas the quadrature points are chosen in a pre- 

determined way (usually equally spaced). A given number of 

randomly chosen points can "fill up" the integration volume 

in a more representative fashion than the same number of 

points chosen in a pre-determined manner (Brown 1 9 5 6 ) .  
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F i g u r e  5-1: I l l u s t r a t i o n  of  t h e  Monte-Carlo 
E v a l u a t i o n  of a n  I n t e g r a l  

6 4  



5 .2 .3  A p p l i c a t i o n  o f  t h e  Method to t h e  Phase-Space 

I n t e g r a l  

Because of t h e  s p e c i a l  n a t u r e  o f  t h e  phase-space 

i n t e g r a l ,  w e  u s e - a  modi f ied  v e r s i o n  of  t h e  method d e s c r i b e d  

i n  t h e  p r e c e d i n g  s e c t i o n .  The phase-space i n t e g r a l  I 

w i t h  which we d e a l  i s  g i v e n  by  
9 %  

r 
F ( g O )  exp (-mgo 2 /2kTe)  g o  3 dgo s i n  2 0 x 

'KO ,X1 8 0  

d$  de dDo. 
go go 

(5 .2-5)  

From Equat ion  ( 4 . 3 - 2 9 ) ,  w e  s e e  t h a t  t h i s  i n t e g r a l  i s  pro- 

p o r t i o n a l  to t h e  r a t e  of  e x c i t a t i o n  c o l l i s i o n s  whose calli- 

s i o n  p a r a m e t e r s  l i e  i n  t h e  phase-space volume T . The 

s i t u a t i o n  i s  shown s c h e m a t i c a l l y  i n  F i g u r e  5-2,  which shows 
KO¶K1 

t h e  go-Do p l a n e .  Hence, t h e  s k e t c h  shows a " s l i c e "  Qf phase  

space  w i t h  KO, 4 , and 9 f i x e d .  The r e c t a n g l e  g i v e n  b y  
g0 g0 

-D I D o  5 t D  
'max Omax 

co r re sponds  to t h e  r a n g e s  of  g o  and D o  ove r  which t h e  c o l l i -  

s i o n s  o c c u r .  Each "X" d e n o t e s  a c o l l i s i o n ;  o n l y  a few of  

t h e  c o l l i s i o n s  are shown. A s  shown, t h e  d e n s i t y  o f  X ' s  

i s  independent  o f  Do b u t  i s  a f u n c t i o n  of g o .  

c o n f i g u r a t i o n  of t h e  T volumes i s  shown. I n  t h i s  

A p o s s i b l e  

65 



F i g u r e  5-2: S k e t c h  o f  t h e  go-Do Plane  
i n  P h a s e  S p a c e  

c 
0 
0 

II 

0 

W 

- 
x 
k 
0 

k 
al 
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h y p o t h e t i c a l  c a s e ,  t h e  o n l y  p o s s i b l e  v a l u e s  of K1 a r e  

The v a l u e  of  any i n t e g r a l  I i s  p r o p o r t i o n a l  t o  t h e  

number of X ' s  w i t h i n  t h e  co r re spond ing  r e g i o n  TK 

F i g u r e  5-2 shows q u a l i t a t i v e l y  where t h e  volumes 1: are ex- 

p e c t e d  to l i e  i n  t h e  g -D p l a n e .  

co r re spond  

spond to K1 > KO, and l a r g e  n e g a t i v e  v a l u e s  of D o  cor respond 

t o  K1 5 KO. 

,K1 . 
0, 1 

Small  v a l u e s  of  g o  o r  D o  0 0  

t o  K1 = KO, l a r g e  p o s i t i v e  v a l u e s  of' D o  c o r r e -  

We d e f i n e  t h e  q u a n t i t y  G(go)  b y  t h e  r e l a t i o n  

We a l s o  d e f i n e  P(+ ) by 
8 0  

i . e .  , 

By s u b s t i t u t i n g  Equa t ions  (5.2-8)  and ( 5 . 2 - 9 )  i n t o  Equa t ion  

(5 .2 -5 ) ,  w e  o b t a i n  

Hence, IK i s  t h e  volume T~ 
0 '  1 0, 1 

i n  t h e  phase  space  i n  
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which the coordinates are G(go), Do, P ( 4  ) ,  and 0 . We 
80 g0 

illustrate this schematically in Figure 5-3, which is the 

same as Figure 5-2 except that it shows the [G(gO)]-DO plane 

with KO, P ( 4  ),  and 8 fixed. This figure shows schemat- 

ically the situation that was found in most of the numerical 
g0 80 

computations, that is, 

'K ,K -2 'K 0' K 0 +2 << I K ~ , K ~ - ~  0 0  

(5.2-11) 
=r - I K ~  , ~ ~ + i  << I K ~ , K ~  

Having put IK in the form of Equation (5.2-lo), we 
0' 1 

can apply the Monte-Carlo method in a straightforward manner. 

For a given value of KO, we do the following: 

(i) Choose random values of G(go), Do, P ( +  

distributed uniformly within their respective ranges. 

),and 8 
g0 g0 

(ii) Compute the value of K1 that corresponds to each 

of these sets of values of the collision parameters. 

(iii) Repeat steps (i) and (ii) a large number of times 

[call this number s(Ko)], keeping count of the number of 

times each value of K1 occurs [call these numbers q(KO,K1)l. 

Then' 'KO,K1 is given approximately by 

'K0,K1 z (const.) q(KO,K1) / s(Ko). (5.2-12) 

Substitution of Equations (5.2-5) and (5.2-12) into 

Equation (4.3-29) leads to 
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max -DO 
D -DO 
omax 

Figure 5-3: Sketch of t h e  [O(g,)]-Do Plane 
in Phase Space 



By p u t t i n g  Equa t ion  (5.2-13) i n t o  Equa t ion  ( 4 . 2 - 4 ) ,  w e  t h e n  

o b t a i n  f i n a l l y  

(5 .2-14)  

The computa t ions  of NK 

by means o f  t h i s  e q u a t i o n .  

as a f u n c t i o n  of K1 were performed 
1 

I n  o r d e r  t o  per form t h e  computa t ions  of NK , w e  must 
1 

know t h e  p o p u l a t i o n s  NK 

t h e  f u n c t i o n s  o f  t h e  r e l a t i v e  speed c o n t a i n e d  i n  G ( g o ) .  

S e c t i o n s  5 . 3  and 5 .4 ,  w e  e x p l a i n  how w e  o b t a i n e d  these  

o f  t h e  XIC ’ r o t a t i o n a l  l e v e l s  and 

I n  
0 g 

v a l u e s .  

5 . 3  P o p u l a t i o n s  o f  t h e  X C R o t a t i o n a l  Leve l s  
t 1 

g 
We c o n s i d e r  o n l y  t h e  c a s e  i n  which t h e  g a s  i s  i n  equ i -  

l i b r i u m  b e f o r e  t h e  s p a r k  i s  s t r u c k ,  s o  t ha t  i t  has a r o t a -  

t i o n a l  t e m p e r a t u r e  To e q u a l  t o  t h e  t r a n s l a t i o n a l  t e m p e r a t u r e .  

I n  t h i s  c a s e ,  t h e  number NK 

t h e  ground v i b r a t i o n a l  l e v e l  of X’C + i s  g i v e n  by t h e  

of molecules  p e r  u n i t  volume i n  
0 

g 
Boltzmann d i s t r i b u t i o n  

(5.3-1)  
where t h e  c o n s t a n t  i s  independent  of KO and where Io i s  t h e  

1 t  moment of i n e r t i a  o f  t h e  X C molecule .  The s u b s c r i p t  i s  
g 



appended because the moment of inertia is smaller in the 

X’Z + state than in the C 3 ITu state, the values being 
g 

2 3 I1 = 1.523 x 10 -39 gm-em - ( C  nu) 

The factor 0 is a population-alternation factor that appears 

in the statistical weight of a gas consisting of homonuclear 

molecules; the alternation is caused by nuclear spin (Herzberg 
1 +  1950). For N2(X C ) ,  it is given by 
g 

5.4 Functions of the Relative Speed 

5.4.1 Excitation Function 

We obtain the excitation function F(go) that is con- 

tained in G(g ) from experimental data, the references for 

which are listed in Section 3.2. We use the data of Kishko 

and Kuchinka (1959) as plotted by Bauer and Bartky (1965), 

because these data give the correct result at threshold, 

viz., F(go) = 0. 

0 

This function is plotted in the usual form 
2 (F versus ( V 2 )  pgo ) in Figure 5-4. 

lowfng least squares fit to the data: 

We have made the fol- 



a, c 
-e, 

k 
0 

c 
0 
d 
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F ( g O )  = 618.8 - 1159 V t 813.0 V2 -253.4 V3 

+ 29.65 V4 , ( 5.  &la)  

f o r  1.97 c m / s e c , < V 5  2.52 cm/sec, 

(5.4-lb ) 
2 F(gO)  = 17.28 - 9.891 V t 1.471 V , 

f o r  2.52 cm/sec I V  5 3.02 cm/sec, 

where 

v = go x cm/sec. (5.4-2) 

The maximum speed f o r  which t h e  least-squares f i t  i s  v a l i d  

(go = 3.02 X 10 cm/sec) cor responds  t o  an e l e c t r o n  energy 8 

of 25 eV.  

5.4.2 The In t eg ra l  Over t h e  R e l a t i v e  Speed 

be t h e  minimum v a l u e  of go used i n  the c a l -  
8 c u l a t i o n s  (go  = 1 . 9 7  x 10 cm/sec) .  S i n c e  F ( V  1 = 0, 

w e  have 

min 
L e t  go 

min bornin 

) = 0. 

Then, from Equat ion  (5.2-81, w e  have 

(594-3) 

I n  view of Equa t ions  (5 .4-1) ,  a c l o s e d  form e x p r e s s i o n  f o r  

G ( g o )  c an  be o b t a i n e d  by e v a l u a t i n g  t h e  i n t e g r a l s  

The r e s u l t s  of  e v a l u a t i n g  t h i s  i n t e g r a l  are g i v e n  i n  
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Appendix C .  (Although Io does  n o t  appear e x p l i c i t l y  i n  ' 

G ( g o ) ,  Io must b e  e v a l u a t e d  because i t  appears i n  t h e  for- 

mulas for I2 and 14*) 

It was n e c e s s a r y  for t h i s  s t u d y  t o  know t h e  i n v e r s e  

r e l a t i o n  g (G) ,because  w e  chose random v a l u e s  of G rather 

t h a n  go i t s e l f .  

a l e a s t - s q u a r e s  polynomial  f i t  to t h e  formula  for G(go).  

The r e s u l t  i s  

0 
We o b t a i n e d  t h e  i n v e r s e  r e l a t i o n  by making 

= ( - 2 . 0 0  X lolo G6 + 1 .88  x l o 9  G5 - 6.79 x 1 0  7 4  G 
g0 

+ 1 . 2 0  X lo6 G 3  - 1 . 1 0  X 1 0  4 2  G + 68.5 G + 2 . 0 0 )  

x l 0  8 cm/sec, (5 .4-6a)  
for 0 5 G 2.83 x (cm/sec) 4 . 

go = 2.52 X 1 0  8 cm/sec, for G = 2.83 X 10-2(cm/sec) 4 . 
(5.4-6b) 

= (6 .36 X lo9 G 5  - 1 .19  X l o 9  G4  + 8 . 8 1  X 1 0  7 3  G 
g0 

6 2  4 2 -3.26 X 1 0  G + 5.98 x 1 0  G f 4.35 x 1 0  

X 1 0  cm/sec, (5 - 4 - 6 ~ )  8 

for 2.83 X < G 5 4.53 X (cm/sec) . 4 

5 . 5  Numerical Procedure  - 
5 . 5 . 1  S t e p s  i n  t h e  Procedure  

We compute t h e  v a r i a t i o n  of NK as a f u n c t i o n  of  K1 b y  
1 

t h e  f o l l o w i n g  s teps  (here  w e  d i s c u s s  t h e  s p e c i f i c  d e t a i l s  of 

the p rocedure  mentioned a t  the end of S e c t i o n  5 . 2 . 3 ) :  

( i) For a f i x e d  v a l u e  of K O ,  w e  compute 200 
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pseudorandom sets of  c o l l i s i o n  parameters each  chosen as 

RI’ RIII’ R I V  - f o l l o w s .  Four pseudorandom numbers - 
are computed b y  a method d e s c r i b e d  i n  Appendix D .  We t h e n  

se t  

0 = TRII ,  
g0 

(5.5-4)  4 G = 4.53 x l o m 2  R ~ ~ .  (cm/sec) 

T h i s  g i v e s  uni formly  d i s t r i b u t e d  v a l u e s  o f  P ( 4  1 between 0 

and */4 ,  between 0 and r ,  Do between -ro and ro, and G 

between 0 and 4.53 x 10-2(cm/sec) . The v a l u e s  o f  4 are 

d i s t r i b u t e d  between 0 and */2, and the  v a l u e s  of ( 1 / 2  go)  

are d i s t r i b u t e d  between 11 e V  and 25 e V .  I n  S e c t i o n  5.5.2,  

t h e  s o u r c e s  o f  t h e  r anges  o f  t h e  c o l l i s i o n  pa rame te r s  are 

g0 

4 g0 

go 2 

e x p l a i n e d .  We t h e n  s o l v e  t h e  n o n l i n e a r  a l g e b r a i c  e q u a t i o n  

f o r  t he  r o o t  4 by the  Newton-Raphson i t e r a t i o n  method 

( R a l s t o n  19651, and w e  c a l c u l a t e  g o ( G )  by means o f  Xquations 
g0 

(5 .4-6) .  

(ii) For  each  se t  o f  c o l l i s i o n  v a r i a b l e s ,  w e  compute 

t h e  p o s s i b l e  i n t e g e r  v a l u e s  of K by  means o f  the  q u a n t i z e d  

c l a s s i c a l  model d e s c r i b e d  i n  Chapter 3.  I n  about  1 /3  of 

t h e  c o l l i s i o n s  computed, more t h a n  one ( b u t  n e v e r  more t h a n  

1 
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th ree)  i n t e g e r  v a l u e s  o f  K1 are p o s s i b l e .  

c o l l i s i o n s  w e  a r b i t r a r i l y  assume t h a t  

F o r  these 

A l l  p o s s i b l e  i n t e g e r  v a l u e s  o f  K1 are e q u a l l y  p r o b a b l e  

( 5  5-61 

and t h e r e f o r e  O C C U Y  e q u a l l y  f r e q u e n t l y  i n  t h e  c o l l i s i o n s .  

We l a t e r  made a comparison t o  t e s t  t h e  e f f e c t  o f  t h i s - a s s u m p -  

t i o n  and found t h a t  i t  does  n o t  a f f e c t  t h e  r e s u l t s  s i g n i f -  

i c a n t l y  (see S e c t i o n  7 . 4 . 2 ) .  I n  abou t  th ree  p e r c e n t  o f  t h e  

c o l l i s i o n s ,  no i n t e g e r  v a l u e  o f  K1 i s  p o s s i b l e ;  t h e s e  c o l l i -  

s i o n s  are exc luded  from t h e  computa t ion  o f  NK . 
1 

(iii) For each  v a l u e  o f  KO, t h e  q u a n t i t y  IK AS 
0’ 1 

computed from Equa t ion  ( 5 . 2 - l 2 ) ,  where 

s(Ko) = 2 0 0  - P ( K O ) ,  (5 .5-7)  

i n  which p(KO) i s  t h e  number o f  c o l l i s i o n s  i n  which no 

i n t e g e r  v a l u e  o f  K1 i s  p g s s i b l e .  

( i v )  S t e p s  (i) th rough  (iii) are done f o r  

KO = 0 ,  1, 2,  ..., 25. (5 .5-8)  

( v )  NK 

5.5 .2  Ranges o f  t h e  C o l l i s i o n  -- - Parameters 

We o b t a i n  t h e  r a n g e s  o f  t h e  a n g l e s  $I and 0 as f o l -  

i s  computed from Equa t ion  (5 .2-14) .  
1 

80 g0 
lows by examining F i g u r e  3-1: 

0 5 4 5 T / 2 ,  ( 5  5-91 
g0 

g0 
0 5 0  S I T .  (5 -5 -10)  

When b o t h  p o s i t i v e  and n e g a t i v e  v a l u e s  o f  t h e  impact  d i s -  
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t a n c e  D are used,  a l l  p o s s i b l e  a n g l e s  o f  approach  and impact 

p o i n t  on the  molecule  are accounted  f o r .  
0 

The r ange  of  g o  i s  

8 8 
0 1 . 9 7  x 1 0  cm/sec 5 g 5 3 . 0 2  X 1 0  cm/sec, ( 5 . 5 - l l a )  

or e q u i v a l e n t l y ,  

( 5  5 - l l b )  

The lower l i m i t  o f  11 eV i s  t h e  e x c i t a t i o n  energy  o f  t h e  

c3nu -x c -t t r a n s i t i o n  and i s  t h u s  t h e  minimum p o s s i b l e  

v a l u e  of  t h e  e l e c t r o n  ene rgy .  The upper  l i m i t  shou ld  s t r i c t -  

l y  b e  i n f i n i t y ,  b u t  a f i n i t e  v a l u e  must b e  used  i n  t h e  com- 

p u t a t i o n s .  

exp(-rngd2kTe) g o  goes t o  z e r o  as g o  goes t o  i n f i n i t y  and i s  

n e g l i g i b l e  beyond 2 5  e V .  T h i s  p roduc t  i s  z e r o  a t  11 eV 

because  F ( g O )  i s  z e r o  there ,  r i s e s  t o  a maximum a t  about  

1 8  eV, t h e n  d e c r e a s e s  monotonica l ly  as g o  i n c r e a s e s  f u r t h e r .  

Hence the  m a j o r i t y  of t h e  c o l l i s i o n s  are w i t h  e l e c t r o n s  o f  

energy  n e a r  18  e V ,  and t h i s  shows up i n  t h e  Monte-Carlo 

computa t ions  (see Table  111). 

J!? 

We choose 2 5  e V  because t h e  p roduc t  F ( g O )  x 
2 3 

The r a n g e  o f  Do cannot  be de te rmined  from p h y s i c a l  

p r i n c i p l e s ,  s o  t h a t  w e  must make some assumpt ions .  We 

choose t o  make the f o l l o w i n g  two: 

(1) 1’01 max = Po,  (5.5-12) 
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i.e., the maximum possible impact distance is the 

molecular radius; 

(2) Any value of D within the range 0 

(5 5-13 

is equally probable. 

Assumption (1) is plausible because the collision involves 

electron exchange (see Section 3.4), with the result that 

the incoming electron is "captured" by the molecule. In 

the context of classical mechanics, this implies that the 

incoming electron must come within the molecular diameter 

for the collision to occur. In the same way, assumption (2) 

is plausible, that is, we expect that impact parameters are 

randomly distributed in the collisions. The two assumptions 

have not been checked experimentally, however. We are more 

confident of the plausibility of assumption (2) than of 

assumption (1). As explained in Section 7.4.1, however, we 

found that a modification of assumption (1) does not alter 

the results very much. 

5.5.3 Number of Collisions Computed 

For each value of KO, we compute K1 for 200 pseudo- 

random collisions, as mentioned in Section 5.2.1. We do 

this for 26 values of KO (0, 1, 2, ..., 25). Since each 

collision requires 4 pseudorandom numbers, the entire com- 
putation of N requires ( 2 0 0 ) ( 4 ) ( 2 6 )  = 20,800 pseudorandom 

numbers. We later repeated the computations using a second 
K1 



se t  o f  20,800 pseudorandom numbers. Hence we used  only  t h e  

f i rs t  41,600 numbers of t h e  sequence g e n e r a t e d  by Equat ion  

( D - 1 )  i n  Appendix D. S i n  t h e  p e r i o d  of  t h i s  sequence i s  

135,000,000, w e  f e e l  c o n f i d e n t  t h a t  o u r  c o l l i s i o n s  s a t i s fy  

t h e  mathemat ica l  c r i t e r i a  o f  randomness. 

5.6 

Using t h e  p rocedure  and  assumptions d e s c r i b e d  i n  Sec- 

t i o n  5.5,  w e  have computed t h e  v a r i a t i o n  of N 

f o r  t h e  c a s e  t es ted  b y  K y s e r ,  The impor t an t  paramet 

w i t h  K1 
K 
1 

To = 295OK (5.6-1)  

and 

k Te = 4.80 eV. (5 .6-2)  3 
T 

The Value of 4.80 e V  comes from K y s e r ' s  (1966) semi-empir ical  

a n a l y s i s  o f  t h e  s p a r k  and cor responds  t o  t h e  c o n d i t i o n s  t ha t  

he tes ted.  The v a l u e  of T o  de t e rmines  t h e  d i s t r i b u t i o n  of 

t h rough  Equa t ion  (5 .3 -1 )?  and t h e  v a l u e  of  Te t h e  d i s -  
N K O  
t r i b u t i o n  of  e l e c t r o n  speeds v o  through Equat ion  (4.3-14a) .  

The computed v a l u e s  of  IK are p r e s e n t e d  (rounded 
0' 1 

o f f )  i n  Tab le  I1 f o r  K O =  4 ,  5,  6 ,  ..., 2 1 .  We n o t e  t h e  

f o l l o w i n g  f e a t u r e s :  

(1) The great m a j o r i t y  (between 63 and 76 p e r c e n t )  8f 

t h e  c o l l i s i o n s  r e s u l t  i n  no change i n  r o t a t i o n a l  quantum 

number, i . e . ,  K1 = Kg9 
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Table 11: Computed Values of p(Ko) and IK 
0 '  1 

For each value of KO, the two rows of numbers refer t o  the 

first and second set of 100 pseudorandom collisions, respec- 

tively. 

0 
K 
- 

4 

5 

6 

7 

8 

9 

10 

11 

12 

5 

3 

8 

4 

4 

2 

6 

5 

3 

4 

2 

1 

1 

3 

3 

3 

1 

2 

for the value of K, giver, below IK,,K, 
C =K -2 1 0  

1 

0 

0 

1 

0 

2 

1 

0 

1 

0 

0 

1 

2 

1 

0 

0 

1 

0 

K1=KO-1 

12 

14 

9 

13 

11 

16 

16 

11 

15 

14 

12 

11 

13  

22 

16  

12 

12 

16  

80 

K l = K O  

67 

67 

67 

65 

7 1  

72 

66 

66 

69 

63 

73 

73 

69 

64 

70 

74 

76 

68 

1 

K1=KO+l 

15 

16 

1 5  

17 

14 

9 

12 

18 

12 

18 

12 

14 

15 

10 

11 

10 

10 

14 

Kl=K0+2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 



Table  Ii (continued) 

13 

14 

15 

16 

17 

18 

1 3  

20 

21 

7 

4 

2 

1 

4 

2 

2 

0 

6 

1 

5 

4 

4 

1 

4 

2 

5 

3 

0 

0 

1 

1 

0 

1 

1 

1 

1 

0 

0 

0 

0 

3 

0 

0 

0 

0 

8 

9 

13 

12 

14 

15 

16 

1 3  

12 

16 

11 

12 

14 

15 

16 

18 

16 

15 

70 

69 

73 
66 

71 

7 0  

73 
68 

73  

72 

73 

72 

73 

72 

72 

68 

65 

70 

14 

18 

11 

20 

12 

1 3  

8 

19 

12 

LO 

11 

12 

9 

12 

8 

12 

14 

11 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

D 

0 

0 

0 

0 

0 

0 

0 
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( 2 )  Very  few of  t h e  c o l l i s i o n s  r e s u l t  i n  IK1-KO I 2 2.  

That  i s , a l m o s t  a l l  t h e  remain ing  2 4  t o  37 pe rcen t  of t h e  

c o l l i s i o n s  r e s u l t  i n  K1 = KO-1 o r  K1 = KO+l. 

( 3 )  The number of c o l l i s i o n s  i n  which K1 = KO-1 (be-  

tween 8 and 22  p e r c e n t )  i s  roughly e q u a l  t o  t h e  number of  

c o l l i s i o n s  i n  which K1 = KO+l (between 8 and 20 p e r c e n t ) .  

The r e s u l t s  t h u s  show no c o n s i s t e n t  t r e n d  of f a v o r i n g  e i the r  

e x c i t a t i o n  o r  d e - e x c i t a t i o n .  

(4) The f o r e g o i n g  conc lus ions  a p p l y  t o  each  v a l u e  of  

KO. 
va lues  of  KO. 

The r e s u l t s  show no d i f f e r e n c e  between small and l a r g e  

The fo rego ing  r e s u l t s  are o b t a i n e d  because t h e  e l e c t r o n  

can t r a n s f e r  very  l i t t l e  a n g u l a r  momentum t o  t h e  molecule  

i n  a g iven  c o l l i s i o n ,  even though t h e  e l e c t r o n ' s  energy i s  

much l a r g e r  t h a n  t h e  molecular  energy of r o t a t i o n .  A s  w e  

see from t h e  example g iven  i n  T a b l e  I ,  t h e  e l e c t r o n  can 

t r a n s f e r  only 2 r o t a t i o n a l  quan ta  to t h e  molecule  even if 

t h e  c o l l i s i o n  v a r i a b l e s  have t h e  v a l u e s  t h a t  

imum angular-momentum t r a n s f e r ,  namely, 

8 go = 3 . 0  x 1 0  cm/sec 

-8 = + 0.547 x 1 0  cm - 
D o  - t r o  - 

9 = e = ~ / 2  
g0 g0 

y i e l d  t h e  max- 
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The Monte-Carlo computat ions show t h a t  most o f  t h e  

c o l l i s i o n s  have c o l l i s i o n  v a r i a b l e s  that  would y i e l d  less  

t h a n  1 quantum o f  angular-momentum t r a n s f e r ,  w i t h  tine r e s u l t  

t h a t  no a n g u l a r  momentum i s  t r a n s f e r r e d .  T h i s  i s  shown i n  

Table  111, which l i s t s  t h e  rounded v a l u e s  of  (1 /2 )vg0 ,  DG, 2 

8 , and t h e  r e s u l t i n g  p o s s i b l e  I n t e g e r  v a l u e s  o f  K1 @go’ go 
f o r  t h e  f i r s t  100  pseudorandom c o l l i s i o n s  w i t h  K O  = 10. 

For 5 2  p e r c e n t  of t h e s e  c o l l i s i o n s ,  t h e  only  p o s s i b l e  i n t e g e r  

v a l u e  of  K1 i s  a l s o  1 0 .  

The c a l c u l a t e d  p o p u l a t i o n s  of  t h e  C 311u r o t a t i o n a l  l e v e l s  

are p l o t t e d  i n  log-s lope  form ( i . e . , N  

K1(K1+l) on semi log  p a p e r )  i i l  F i g u r e  5-5. 

/ ( 2 K l t l )  v e r s u s  
K1 

We riote t h e  

f o l l o w i n g  f e a t u r e s :  

(1) There are p a r a l l e l  cu rves  f o r  odd and even v a l u e s  

o f  K1, w i t h  t h e  o r d i n a t e s  of t h e  even-Kl curve  approx- 

i m a t e l y  1 . 4  times l a r g e r  t h a n  t h o s e  of t h e  odd-K1 c u r v e .  

( 2 )  These cu rves  are  approximate ly  s t r a i g h t  l i n e s .  

( 3 )  The C flu molecules  t h u s  have approximate ly  a 

Boltzmann d i s t r i b u t i o n  of  r o t a t i o n a l  s t a t e s ,  s o  t h a t  a 

3 

r o t a t i o n a l  t empera tu re  T1 can b e  d e f i n e d  f o r  t h e s e  

molecules .  

By the l e a s t - s q u a r e s  t e c h n i q u e ,  t h e  b e s t - f i t  s t r a i g h t  l i n e s  

were found f o r  t h e  odd-K1 data and for t h e  even-.Kl data.  

The co r re spond ing  r o t a t i o n a l  t e m p e r a t u r e s  T1 were found from 

t h e  s l o p e  o f  these l i n e s  by t h e  s t a n d a r d  log-s lope  method 

8 3  



Table 111: Values of K, for, 100 Pseudorandom Collisions 

20  

1 7  

23 

1 9  

1 7  

1 7  

19 

IG 

2 1  

1 6  

1.6 

16 

1 8  

1 6  

1 4  

19  

2 3  

13  

1 4  

1 4  

16 

-0 .02  

5 . 3  

4 . 1  

4.9 

1 . 7  

0 .8  

1.1 

-0 .02  

-3.5 

-2.5 

-0 .3  

-3.6 

4 . 4  

-5.4 

-4.3 

4.4 

2 . 2  

-3.4 

- 4 . 1  

-3.9 

- 0 . 4  

67 

42 

8 1  

53  

6 1  

67 

65 

80 

33 

8 1  

58  

56 

29 

68 

72 

55 

74 

69 

47 

66 

89.9 

8 4  

K1 

10 

10,11 

11 

10,11 

10 

10 

10 

1.0 

9,10 

9,10 

10 

10 

10,11 

9,10 

1 0  

10,11 

10,11 

10 

9,10 

9 
1.0 



Tab le  I11 (2nd of 5 pages) 

18 

17 
20 

21 

17 

20 

14 

19 

17 

1 3  

20 

21 

14 

13 

15 

15 

12 

15 

13 

19 

15 

16 

16 

22 

3.5 

-3.2 

4.1 

-4.1 

-1.3 

-5.0 

1.4 

1.8 

4.6 

-1.5 

-0.7 

-4.9 

5.4 

4.7 

4.2 

-1.8 

2.1 

0.4 

-4.5 

0.6 

1-7 

5.4 

2.1 

3.4 

89 

83 

83 

88 

44 

37 

73 

44 

82 

51 

64 

37 
84 

60 

42 

89 

69 

58 

81 

81 

60 

82 

84 

59 

85 

13 8 

56 

150 

102 

23 

99 

46 

72 

27 

64 

24 

151 

176 

87 

1 7 2  

40 

164 

60 

61 

94 

74 

174 

1 3  

69 

10,11 

9,10 

10,11 

8,9,10 

10 

9,10 

10 

10,11 

10,1_1 

10 

10 

9,10 

10 

11 

10 

10 

10 

10 

9 

10 

10 

10 

10 

10 J 11 



Table I11 (3rd of 5 pages) 

16 

19 

17 

18 

15 

17 

17 

1.5 

16 

3.5 

17 

16 

16 

12 

16 

15 

16 

20  

14 

14 

23 

20 

16 

-5.0 

-3.6 

4.1 

-3.1 

0.3 

4 . a 
-1.9 

4.7 

-1.7 

-3.0 

-2.3 

-4.1 

-2.7 

5.2 

C.5 

-5.3 

0.2 

-3.6 

-1.4 

3.9 

5.1 

3.4 

1.3 

45 

49 

89.6  

51 

89 

79 

43 

80 

44 

61 

72 

35 

59 

88 

85 

37 

67 

88 

81 

67 

81 

77 

63 

86 

16 

17 

19 

17 
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T a b l e  I11 (5th o f  5 pages) 

1 7  

15 

23 

16 

20 

2 5  

13  

1 3  
1 I-- J 

-3.3 

-3.1 

-3.4 

-1.2 

-3.1 

-3.8 

-3.6 

3.0 

-1.0 

17 

76 

81 

50 

86 

88 

40 

33 

6 0  

109 

155 

146 

97 

90 

97 

135 

146 

28 

10 

10 

9,10 

10 

9,10 

8,9,10 

10 

10 

10 



n 
rl + 
5: 

\ 

z 

ri 

cu 
W 

r-i z 

Figure 5-5: Computed Populations of 
3 the C nu Rotational Levels 

89 



d e s c r i b e d  i n  S e c t i o n  1.3.  The r e s u l t s  are as f o l l o w s :  

" = 268OIi, f o r  even K1 I1 

0 
T1 = 267 K ,  for odd K1 

(5.6-4) 

Our a n a l y s i s  t h u s  p r e d i c t s  t he  s u r p r i s i n g  r e s u l t  t h a t  

c TO' (5.6-5) 

K y s e r  (Y966)  used a m o d i f i c a t i o n  of  t h e  s t a n d a r d  log-  

s l o p e  method tha t  w e  have used i n  t h i s  c h a p t e r .  To compare 

our  p r e d i c t i o n s  w i t h  K y s e r ' s  measurements,  w e  must compute 

t h e  q u a n t i t y  t h a t  he measured i n  t h e  l a b o r a t o r y .  We s h a l l  

do t h i s  i n  Chap te r  6 .  

5.7 P h y s i c a l  Exp lana t ion  f o r  the Temperature  Decrease.  

The p r e d i c t e d  ciecrease i n  r o t a t i o n a l  t empera tu re  

r e s u l t s  from t h e  f a c t  t h a t  most of t h e  e l ec t ron -molecu le  

c o l l i s i o n s  that  cause e l e c t r o n i c  e x c i t a t i o n  do n o t  change 

t h e  r o t a t i o n a l  quantum number of  t h e  molecules  very  much. 

(There i s  no ev idence  t h a t  t h i s  e f f e c t  i s  t y p i c a l  o f  ex- 

change c o l l i s i o n s .  ) Herzberg (1950) ,  page 207, e x p l a i n s  

t h e  s i t u a t i o n  s u c c i n c t l y  as f o l l o w s :  

"If  t h e r e  were s t r i c t l y  no change of a n g u l a r  momentum 

upon e x c i t a t i o n  o f  a molecule  by e l e c t r o n  c o l l i s i o n s  and i f  

no r e d i s t r i b u t i o n  through c o l l i s i o n s  occurs  i n  t h e  upper  

s ta te  one would expec t  t h e  r o t a t i o n a l  d i s t r i b u t i o n  t o  b e  

determined by t h e  B v a l u e  o f  t h e  ground s t a t e  (from which 

t h e  e x c i t a t i o n  takes p l a c e )  ra ther  t h a n  t h a t  of  t h e  l n i t i a l  
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s t a t e  o f  t h e  emis s ion .  

t h e  t e m p e r a t u r e  o b t a i n e d  would b e  too small  by a f a c t o r  

I n  o t h e r  words,  i f  B; i s  used ... 

B;/B:. ' '8 

For t h e  second p o s i t i v e  band sys tem o f  N2, t h i s  f a c t o r  

i s  0.907.  We n o t e  t h a t  

0.907 To = (0.907)(295°K) = 268OK, (5.7-1) 

which i s  w i t h i n  1 ° K  o f  o u r  p r e d i c t e d  v a l u e s  o f  T1 [Equat ion  

( 5  6-41 1 -  
The o n l y  e f f e c t  o f  t h e  c o l l i s i o n s  i s  to r educe  t h e  

The XIZ -k r o t a t i o n a l  amount o f  p o p u l a t i o n  a l t e r n a t i o n .  

l e v e l s  a l t e r n a t e  i n  t h e  r a t i o n  2:1, whereas t h e  C ilu r o t a -  

t i o n a l  l e v e l s  a l t e r n a t e  i n  t h e  r a t i o  1 . 4 : l .  

g 
3 

As Herzbe rg  (1950) p 3 i n t z  o u t ,  Giiisburg and Dieke (1941) 

observed  a dec rpase  i n  r o t a t i o n a l  t empera tu re  f o r  H2 spec t r a .  

e x c i t e d  in an  e l e c t r i c a l .  d i s c h a r g e .  A', low p r e s s u r e s ,  t h e y  

f o u r d  t h e  appa ren t  r o t a t i o n a l  t e n p e r a t u r e  deduced u s i n g  

t5e log-s lope  method t o  b e  a p p r e c i a b l y  less tb.an rcorr, tem- 

p e r a t w e .  .4t h i g h e r  p r e s s u r e s  and c u r r e n t  def l s i t i es ,  t h e  

a.pparent r o t a t i o n a l  t empera tu re  became h i g h e r  t h a n  room 

tempera tu re .  

a 
Tn terms o f  t h e  present;  n o t a t i o n ,  t h e  r o t a t i o n a l  c o n s t a n t  

speed of' l i g h t .  
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5.8 Adequacy of t h e  Number of  C o l l i s i o n s  Computed 

One migh t  q u e s t i o n  how adequa te ly  w e  have s i m u l a t e d  

t h e  tremendous number o f  c o l l i s i o n s  occur in ,g  ?n t h e  s p a r k  

by  u s i n g  200 c o l l i s i o n s  for each o f  26 v a l u e s  of KO. We 

have made one chock on t h l s  by s p l i t t i n g  each  s e t  of  200 

c o l l i s i o n s  i n t o  2 se t s  o f  1 0 0  c o l l i s i o n s  each .  The r e s u l t  

is shown i n  T a b l e  11. We see t h a t  t h e  2 sets of v a l u e s  o f  

a g r e e  w i t h  each  o t h e r  very w e l l .  F o r  K1 = KO, t h e  IKO,K1 
maxj-mum d i f f e r e n c e  i s  8 p e r c e n t  (whi.ch occur s  for KO = 12). 

For  K 

K +1, I t  i s  I1 p e r c e n t  ( f o r  KO = 16). 

= K -1, i t  i s  11 p e r c e n t  (for KO = 10). F o r  K1 = 1 0 

0 
To make a, more c o n c l u s i v e  check, w e  r e p e a t e d  t h e  e n t i r e  

computat ion of N v e r s u s  K1 u s i n g  t h e  second s e t  o f  2 0 , 8 0 0  

pseudorandom numbers g e n e r a t e d  by Equa t ion  ( D - 1 ) .  Proceed- 
K1 

i n g  as d e s c r i b e d  i n  S e c t i o n  5-6, we computed t h e  f o l l o w i n g  

v a l u e s  of  T1: 

These t e m p e r a t u r e s  agr2ee c l o s e l y  w i t h  chose obLained u s i c g  

the f i r s t  s e t  of pseudorandom numbers (Equa t ion  5 .6- -4) .  

We conclude  that we have used  a s u f f i c i e n t l y  large number 

of c o l l i s i o n s .  
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CHAPTER 6 

ROTATIONAL TEMPERATURE AS A FUNCTION 

OF MEASURED INTENSITY RATIO 

6.1 Kyser's Derivation 

In the usual log-slope method described in Section 1.3, 

one measures the intensity I of the individual rotational 

lines within a vibrational band. If population of the rota- 

tional levels of the emitting molecules follows a Boltzmann 

distribution, then the function ln(1 /I ) versus l/T1 is 

a straight line, where KB and KA are any values of rotational 

quantum number. 

Kg KA 

In Kyser's (1966) experiments, however, the close line 

spacing made it impossible to measure the intensity of the 

individual lines. Kyser's spectrometer responded to the 

input from a wavelength interval significantly larger than 

the interval between lines, with the result that his inten- 

sity readings "at a given wavelength" included contributions 

from several lines. To account for this, he arbitrarily 

assumed that the rotational levels of the emitting molecules 

are distributed continuously - as a function of Kl according 

to the Boltzmann formula 

where K1 is a continuous variable. Kyser then obtained his 
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predicted intensities at a given wavelength by integrating 

the product of the "continuum" intensity and the relative 

instrument response over the instrument profile. He found 

that the ratio of two of these integrated intensities cen- 

tered about given wavelengths is still a unique function of 

TI and used this relationship to deduce T1 from his measured 

intensity ratios. 

6.2 Modification of Kyser's Derivation 

6.2.1 Reason for Modifying Kyser's Derivation 

Kyser's assumption that the C IIu rotational levels are 3 

distributed continuously as a function of K1 ignores the 

possibility that population alternation may occur in the 

C IIu state. 3 Since the populations of the X I Z  + rotational 
g 

levels alternate in the ratio 

o(Ko even)/o(Ko odd) = 6/3 = 2 (6.2-1) 

3 (see equation (5.3-3)), the populations of the C IIu rota- 

tional levels also may alternate. As discussed in Section 

5.6, the present analysis predicts that 

a(K1 even)/o(K1 odd) = 1.4. (6.2-2) 

We have modified Kyser's derivation of the equations for 

measured intensity ratio as a function of rotational temper- 

ature to take account of the discreteness of the rotational 

94 



lines and of possible population alternation in the C 3 TI 
L1 

state. This derivation is presented below. 

6.2.2 Notation 

The appropriate formulas are given in Herzberg (1950). 

We will use Herzberg's notation throughout the rest of this 

section. A schematic energy-level diagram is given in 

Figure 6-1. The vibrational quantum number of the upper 

state is denoted by V I ,  that of the lower state by v" .  The 

corresponding rotational constants are B; and B;, respec- 

tively, and the rotational quantum numbe1.s are K' and K". 

The arrow in the figure shows one of the many possible 

transitions of 'chc (0,2) vibrational band, namely, that 

corresponding to K1=4, R " = 3 .  According to the selection 

rules for 311 + 311 transitions, only the following transitions 

(or branches) are allowed: 

P-branch: K' - M" = -1 

Q-branch: K' - K" = 0 

R-branch: K' - K" = +1 

The transition shown in Figure 6-1 belongs to the R-branch. 

6.2.3 Wavelengths of the Rotational Lines 

Herzberg's formulas are given in terms o f  wave number 

v, which is related t o  wavelength X by 

(6.2-4) v = 1 / A .  
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Figure 6-1: Schematic Energy-Level Di.agram 
of the Second-Positive Band System of N2 



The wave number of a given 1;Tne corresponding to t h e  transi- 

tion K'- -  K" is given by the formula 

v = vo  + BG K '  (K'tl) - B; K" ( K " + l ) ,  (6.2-5) 

where v o  is the wave number of the transition K? = K" = 0. 

From the Table 8, page 29, of Dieke and Heath (1959), 

we find that for the (0,2) band 

The rotational constant Bv is given in terms of the mole- 

cular constants Be and ae b y  the formula 

Bv = Be - a ( V  7 )  1 
e (6.2-7) 

(6.2-8) 

Bg = 1.6350 cm-l, a: = 0,0184 cm-l -'i* BA = 1.8259 cm-', a; = 0.0197 cm 

Hence, for the (0,2) band we have 

Bb = 1,6380 cm-' -(0.0184 ~ r n - ' ) ( 2 + ~ )  1 = 1.5920 em-' 
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By s u b s t i t u t i n g  Equat ions  (6.2-6) and (6.2-9) i n t o  Equat ion  

( 6 . 2 - 5 ) ,  w e  o b t a i n  

v = 26,293.18 + 1 . 8 1 6 1  K' ( K ' + l )  

- 1.5920 K f f  ( K " + l ) .  (em-') (6.2-10) 

Now c o n s i d e r  t h e  R-branch, By r e p l a c i n g  K" i n  Equa t ion  

(6.2-10) i n  terms o f  K' by means of  t h e  las t  o f  Equat ions  

(6 .2-3) ,  w e  o b t a i n  a f t e r  rear rangement  

v = 26,293.18 + 3.6322 K' + 0.2241 K' (K'-1). 

( cm-' (6.2-11) 

F i n a l l y ,  by p u t t i n g  t h e  r e s u l t  i n t o  Equa t ion  (6.2-4)  and 

u s i n g  t h e  b inomia l  theorem, w e  o b t a i n  t h e  f o l l o w i n g  r e l a t i o n  

between t h e  wavelength A o f  a l i n e  o f  t h e  R-branch and t h e  

u p p e r - s t a t e  r o t a t i o n a l  quantum number XI: 

X = 3803.3 - 0 . 5 2 5  K' - 0 . 0 3 2 4  K' ( K f - l ) .  (1) (6.2-12) 

We wish t o  s o l v e  e x p l i c i t l y  f o r  K' as a f u n c t i o n  o f  A .  

Equat ion  (6.2-12) i s  a q u a d r a t i c  e q u a t i o n  for K', w i t h  t h e  

s o l u t i o n  

K' = -(0.4926 - + C0.24265 

+ (0.1296)(3803.3-X)] 1 /O. 0648. 

(6.2-13) 

Only t h e  minus s i g n  i n  f r o n t  of t h e  r a d i c a l  g i v e s  a p o s i t i v e  
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value. The equations f o r  the P- and &-branches are similar 

to those f o r  the R-branch. 

6.2.4 Relative Order of Magnitude of the Line 

Intensities of the Three Branches 

The intensity I of a line is given by the formula 

IK' = (const.) SKt NK'/(2K'+1), (6.2-14a) 

where S K '  is the line strength. For a Boltzmann distribu- 

tion of rotational states, this equation becomes 

2 = (const.) SKt exp[-(fi /21fkTt)K'(K'+1)1. (6.2-1413) IK' 

For a 311 -+ 311 transition, the Honl-London formulas for 

the line strengths are 

P-branch: SK7 - - (K'+2) K'+l- K '  

- 2K'+1 &-branch: SKt - K T  (K'+l) 

R-branch: SK, = (K'+l)(K'-l) 
K' 

Kyser measured I at the two wavelengths 

A = 3785 A 

0 

A = 3795 A 

* (6.2-15) J 
(6.2-16) 

From Equation (6.2-13) and the corresponding equations for 
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the other branches, we have computed the values of  K1 for 

these two wavelengths. The results are given (rounded to 

the nearest integer) in Table IV. For these large values 

o f  K1, the Honl-London formulas (6.2-15) become approxi- 

mately 

(6.2-17) 

z Kf 
sK P-branch: 

&-branch : SKI = 2/K1 

z Kt 
sK R-branch: 

The intensity o f  the &-branch is therefore negligible com- 

pared with that o f  the P- and R-branches. Furthermore, the 

exponential factor in Equation (6.2-14b) dominates the fac- 

tor SKI at these large values o f  K 1 ,  with the result that 

the intensity o f  the P-branch is negligible compared with 

that o f  the R-branch. Hence, only the R-branch contributes 

significantly t o  the emitted intensity. We will therefore 

neglect the P- and Q-branches from now on. 

6.2.5 Formula for the Intensity Ratio 

Using Equation (6.2-12), we have computed the wave- 

length of  each of the lines of the R-branch. The results 

are displayed in Figure 6-2, superposed on a graph of KYser's 

instrument profile plotted as relative response Q versus 

wavelength A. With the spectrometer set at 3785 A, all the 

lines between K1 = 14 and K1 = 20 contribute to the measured 

intensity I(A=3785.A). At 3795 A, the lines between K1=4 

0 

0 0 
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T a b l e  I V :  TJpper-State R o t a t i o n a l  Quantum Number 

0 0 

1 = 3785 A = 3795 A 

2 4  r 31 
P -b r a n  c h 

I 

&-branch I 23 15  
I 

R-branch 17  10 

101 



a, 
c, 
cd 
c, 
cn 

I 

E: cd 
a, - e  
E O 0  . .  
*rl cu . r i  
& c, 
0 I1 cd 
a c, 
x -  0 

W k 4 k  

0 

102 



0 
and K ' = 1 4  c o n t r i b u t e  t o  t h e  i n t e n s i t y  I(X=3795 A ) .  The 

r a t i o  r o f  these  i n t e n s i t i e s  i s  hence g iven  by t h e  formula 

r =  I4 (6.2-18) 

By s u b s t i t u t i o n  from Equat ion  ( 6 . 2 - 1 4 a ) ,  w e  o b t a i n  

(6.2-19) 

The q u a n t i t y  r i s  what K y s e r  a c t u a l l y  measured i n  h i s  exper- 

iment s . 
The q u a n t i t i e s  Q and S are f u n c t i o n s  only  of  K', We 

o b t a i n  Q from F i g u r e  6-2 and S from Equat ion  (6 .2-15) .  The 

v a l u e s  are  g i v e n  i n  Tab le  V .  The r a t i o  r i s  t h e n  a f u n c t i o n  

on ly  of  t h e  p o p u l a t i o n s  N K ,  o f  t h e  u p p e r - s t a t e  r o t a t i o n a l  

l e v e l s .  

6 . 3  Numerical R e s u l t s  

To compare w i t h  K y s e r ' s  r e s u l t ,  w e  have computed r as 

a f u n c t i o n  o f  u p p e r - s t a t e  r o t a t i o n a l  t empera tu re  TI f o r  a 

Boltzmann d i s t r i b u t i o n  o f  C IIu r o t a t i o n a l  l e v e l s .  We con- 

s idered  two extreme c a s e s  o f  p o p u l a t i o n  a l t e r n a t i o n  i n  t h e  

3 

3 C lIu s t a t e :  

103 



Table V: R e l a t i v e  Ins t rumen t  Response and Line S t r e n g t h  

6 0.35 

7 0.51 

8 0.69 

9 0.85 

10 0.99 

11 0.87 

la 0.68 

13 0.46 

14 (3795 i) 0.21 

14 (3785 i) 0.17 

15 0.46 

16 0.72 

17 0.92 

18 0.86 

19 0.60 

20 0.29 

5 833 

6 857 

7.875 

8.889 

9.900 

10 909 

11.917 

12.923 

13 929 

13 929 

14 e 933 

15.938 

16.941 

17.944 

18.947 

19 -950 

2.042 

3 497 

5.434 

7.556 

9.801 

9.491 

8.104 

5.945 

2 925 

2.368 

6.869 

11.475 

15.586 

15.432 

11.368 

5 786 
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Case 1: a(K'  even) /a (K '  odd) = 1 

( n o  p o p u l a t i o n  a l t e r n a t i o n ) .  

Case 2 :  a(K' even) / a ( f t '  odd) = 2 . 

I n  F i g u r e  6 - 3 ,  w e  p l o t  t h e  r e s u l t s  as r v e r s u s  1 / T  on semi- 

l o g  p a p e r .  To o u r  s u r p r i s e ,  we found t h a t  p o p u l a t i o n  a l t e r -  

n a t i o n  has  a n  i n s i g n i f i c a n t  e f f e c t  on r, t h e  v a l u e s  o f  r 

w i t h  p o p u l a t i o n  a l t e r n a t i o n  d i f f e r i n g  from t h o s e  wi thou t  

a l t e r n a t i o n  o n l y  i n  t h e  t h i r d  dec imal  p l a c e .  Th i s  i s  why 

o n l y  one cu rve ,  i n s t e a d  o f  two c u r v e s ,  a p p e a r s  i n  F i g u r e  6 - 3 .  

I f  w e  were t o  measure t h e  i n t e n s i t y  o f  one l i n e  a t  

1 

each  wavelength  ( r a t h e r  t h a n  t h e  r e s u l t a n t  i n t e n s i t y  o f  

s e v e r a l  l i n e s ) , l n  r v e r s u s  l/ 'TJ vci:ld p l o t  e x a c t l y  as a 

s i n g l e  s t r a i g h t  l i n e .  The a c t u a l  p l o t  i s  very  n e a r l y  a 

s t r a i g h t  l i n e  i n  t h r e e  d i s t i n c t  r e g i o n s .  There i s  one l i r e  

for 1 0 0  K 5 TI. I 200°K 

a s l i g h t l y  s t e e p e r  l i n e  f o r  200°K 5 T1 r' 500°K, and a l i n e  

for 500°K 5 T1 5 1000°K t h a t  i s  s l i g h t l y  s t e e p e r  y e t .  

0 (which does n o t  appea r  on t h e  f i g u r e ) ,  

F i g u r e  6-3  s u p e r s e d e s  F i g u r e  1 0  of K y s e r ' s  ( 1 9 6 6 )  r e -  

p o r t .  Our numer i ca l  v a l u e s  d i f f e r  s l i g h t l y  from I-lis. For 

example,  i n  K y s e r ' s  c u r v e ,  r = 0 . 2 7 4  co r re sponds  to T1=355OK; 

i n  o u r  cu rve ,  r = 0 . 2 7 4  co r re sponds  to T1=342OK. 

The p r e s e n t  numer i ca l  r e s u l t s  d i f f e r  from Kyse r ' s  n o t  

because  p o p u l a t i o n  a l t e r n a t i o n  i s  t a k e n  i n t o  accoun t  o r  be- 

c a u s e  some de t a i l s  o f  t h e  p r e s e n t  computa t ion  are d i f f e r e n t .  

They d i f f e r  because t h e  b a s i c  approaches  are d i f f e r e n t .  
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Whereas Kyser integrated over an assumed continuous 

distribution of intensity versus wavelength, we sum over 

the individual spectral lines. 

From these results, we come to the following conclu- 

sions: 

(1) The quantity r that Kyser measured in his experi- 
ments is indeed a single-valued function of the C 3 IIu rota- 

tional temperature T1. 

measurement of r .  

Hence T1 can be deduced from a 

(2) Kyser's method is actually a better way of measur- 

ing T1 than the usual log-slope method, because the function 

r versus T1 does not depend on the population alternation 
3 in the C nu state. If one line instead of several were used 

at each wavelength, the measured intensity would be directly 

proportional to the C 3 nu population-alternation factor. This 
3 1 +  factor must be obtained from an analysis of the C nu f X C 

excitation process, e.g., the analysis reported in the pres- 

ent report. The use of several lines at each wavelength 

makes this factor cancel approximately in the numerator and 

denominator of the equation for r, so that an analysis of 

the excitation process is unnecessary for the deduction of 

T1 as a function of r. 

g 

We can now substitute our predicted values of NK, as 

a function of K' (discussed in Section 5.6) into Equation 

(6.2-19), compute our predicted value of r, and compare it 
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with Kyser's measured value. We do this in the next 

chapter. 
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CHAPTER 7 

COMPARISON BETWEEN PREDICTED AND MEASURED 

ROTATIONAL TEMPERATURES 

7.1 - Prediction of the Present Analysis 

By substituting our predicted values of N K f  as a 

function of K' (Section 5.6) into Equation (6.2-19), we 

obtain the predicted value of the intensity ratio r as 

r = 0.181. (7.1-1) 

From Figure 6-3, we see that the corresponding value for 

the C II rotational temperature is 3 
U 

T1 = 266OK. 

This value agrees closely with those obtained by using the 

usual log-slope method on the basis of our predicted values 

of NK, (Equation 5 .6 -4 ) .  

r when we use the second set of 20,800 pseudorandom numbers 

in the Monte-Carlo computations (Section 5 . 8 ) ,  thus verify- 

ing that we have computed enough collisions to obtafn 

statistical trends. 

We also obtain the same value o f  

7.2 Comparison with Kyser's Measurements 

Kyser's measured value f o r  the intensity ratio is 



From Figure 6-3, we see that the corresponding value of T1 

is 

T1 = 342OK. (7.2-2) 

[If Kyser's (1966) curve of r versus TI is used, r = 0.274 
0 corresponds to T1 = 355 K.] 

Kyser's measurement, 

than the ambient temperature To = 29S0K, whereas Kyser's 

measured value is 47OK higher. 

Our prediction disagrees with 

We predict a temperature 2g°K lower 

As pointed out in Section 5.7, our predicted tempera- 

ture is equal to To times the ratio of the B-values of the 

C3nU and XIC -t states. Our theory thus predicts that the 

collisions produce essentially no change in the distribu- 

tion over the rotational states, whereas Kyser's measure- 

Q 

ments indicate that the collisions cause considerable change 

in this distribution. 

The discrepancy between theory and experiment suggests 

that something is in error with our analysis. We have made 

a thorough reappraisal of the assumptions of the analysis 

in an attempt to discover the source of the discrepancy. 

We discuss these matters in the next section. 

7.3 Assumptions of the Analysis 

We have been able to show by various means (e.g., 

order-of-magnitude calculations) that many of the assump- 

tions are valid. The most important remaining assumption 
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whose validity we could not verify is that classical 

mechanics is adequate for the analysis of the electron- 

molecule collisions (Chapter 3). Within the context of the 

classical analysis, the most important assumption i s  that 

the maximum possible impact parameter is the molecular 

radius {Section 5.5). An additional assumption is that, if 

two or more integer values of K are possible for a given 

set of collision parameters, each value is equally probable. 
1 

One cannot estimate quantitatively the error produced 

by the use of classical mechanics. One can only anticipate 

that the predictions may be in error. We have, on the other 

hand, been able to make quantitative checks of the effect o f  

modifying the other two assumptions. These checks consisted 

simply of redoing the calculations of N versus K1, and K, I 
thence of T1, a number of times with one of the assumptions 

modified each time. 

We examined the effect of the assumption concerning 

by repeating the computations of T1 twice, each !DO 'max 
time using the first set of 20,800 pseudorandom numbers to 

obtain the collision parameters. In doing this, we modified 

the pseudorandom values of Do as described below. The 

, and 0 for each collision were the same 
g0 

values of go, 

as for the basic computations (Section 5.6). 

In the first modification, the maximum impact distance 

was tripled to obtain 
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ID0 Imax = 3 ro ,  (7.3-1) 

and t h e  v a l u e s  of  D o  were assumed to be d i s t r i b u t e d  u n i -  

formly between -3r0  and 3 r 0 .  

random v a l u e  of D o .  

We t h u s  t r i p l e d  each  pseudo- 

The r e s u l t i n g  p r e d i c t i o n s  a r e  

r = 0.196 

T1 = 279OK 
(7 .3 -2 )  

The second m o d i f i c a t i o n  was similar to t h e  f i rs t  i n  t h a t  

t h e  maximum impact d i s t a n c e  was m u l t i p l i e d  by s i x  to o b t a i n  

The r e s u l t i n g  p r e d i c t i o n s  a r e  

I r = 0 . 2 1 6  

T1 = 295OK 

(7 .3 -3 )  

(793-4) 

These r e s u l t s  show t h a t  i t  would take a huge v a l u e  of  

ID, I m a x  to o b t a i n  Kyse r ' s  measured t e m p e r a t u r e  of  342OK. 

There i s  no e v i d e n c e ,  however, as  to what v a l u e  of  l D O l m a x  

o t h e r  t h a n  ro  i s  most n e a r l y  c o r r e c t .  

T h i s  m a t t e r  was i n v e s t i g a t e d  f u r t h e r  by c a l c u l a t i n g  

some t r a j e c t o r i e s  o f  e l e c t r o n s  p a s s i n g  molecu le s .  These 

c a l c u l a t i o n s ,  which are  d e s c r i b e d  i n  Appendix E ,  l e a d  to 

t h e  f o l l o w i n g  c o n c l u s i o n s  : 
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(1) The molecule  does no t  "cap tu re t t  t h e  e l e c t r o n  

0 '  i f  I D O ]  i s  much l a r g e r  t h a n  r 

( 2 )  V e r y  l i t t l e  a n g u l a r  momentum i s  exchanged between 

t h e  e l e c t r o n  and t h e  molecule  d u r i n g  t h e  e l e c -  

t r o n ' s  f l i g h t  past  t h e  molecule  except  a t  t h e  

i n s t a n t  of impact .  

These r e s u l t s  c o r r o b o r a t e  t h e  v a l i d i t y  o f  Equat ion  (5 .5-12) .  

We conclude t h a t  t h e  assumption concern ing  ID, I m a x  
cannot  account  f o r  t h e  disagreement  between the p r e d i c t e d  

and measured v a l u e s  o f  T1. 

Our assumption tha t  a l l  i n t e g e r  v a l u e s  of K1 f o r  a 

g i v e n  set o f  c o l l i s i o n  parameters are  e q u a l l y  probable  i s  

a r b i t r a r y .  I f  a d i f f e r e n t  assumption i s  used ,  a d i f f e r e n t  

v a l u e  of  TI might be p r e d i c t e d .  A h i g h e r  t empera tu re  w i l l  

r e s u l t ,  f o r  example,  i f  the  h i g h e r  i n t e g e r  v a l u e s  of K1 are  

more p robab le  t h a n  t h e  lower ones .  

We have i n v e s t i g a t e d  t h e  magnitude of t h i s  e f f e c t  by 

modifying t h e  c a l c u l a t i o n s  of S e c t i o n  5 .6 ,  u s i n g  t h e  same 

pseudorandom c o l l i s i o n  parameters as i n  S e c t i o n  5 . 6 .  For 

each  c o l l i s i o n  i n  which more t h a n  one i n t e g e r  v a l u e  of  K1 

i s  p o s s i b l e ,  however, w e  assumed t h a t  

Only t h e  h i g h e s t  p o s s i b l e  i n t e g e r  v a l u e  of K1 

o c c u r s .  (7 .3-5)  
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The resulting predictions are 

1 r = 0.186 

(7 .3-6)  

This is only 4OK higher than the temperature in Equation 

( 7 . 1 - 2 ) .  This modification causes such a small increase in 

T because, for most of the collisions, the only possible 

value of K1 is Kg (e.g., see Table 111). 
1 

7.4 The Use of Classical Mechanics 

Within the context of classical mechanics, subsidiary 

assumptions either are demonstrably valid or do not affect 

the predicted value of T1 very much. 

that the use of classical mechanics must be the cause of the 

disagreement between theory and experiment. Unfortunately, 

the current state of knowledge in collision theory precludes 

a full quantum-mechanical analysis. 

We therefore conclude 

In the work mentioned earlier, Muntz (1962) analyzed 

electron-impact excitation by applying the standard formulas 

for absorption of light by molecules. This is valid in his 

situation because the high-energy (50,000 eV) electrons in 

Muntz's beam act like photons when they strike a molecule. 

Such an analysis is not valid, however, for the low-energy 

(18 eV) electrons in Kyser's spark. In spite of this, we 
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d i d  per form a c a l c u l a t i o n  of t h e  e x c i t a t i o n  u s i n g  Muntz 's  

model, to o b t a i n  a t  least  some quantum-mechanical r e s u l t s .  

I n t e r e s t i n g l y ,  t h i s  model p r e d i c t s  t h e  f o l l o w i n g  v a l u e s :  

r = 0.181 

T1 = 266OK 

which a g r e e  w i t h  t h e  c l a s s i c a l - m e c h a n i c s  Monte-Carlo p r e -  

d i c t i o n .  The d e t a i l s  of t h e  c a l c u l a t i o n  are g i v e n  i n  

Appendix F .  



CHAPTER 8 

CONCLUDING REMARKS 

In view o f  the discrepancy between the present analysis 

and Kyser's (1966) experiments (Section 7 . 2 ) ,  the tracer- 

spark technique cannot yet be considered a reliable means 

f o r  deducing static temperature in nitrogen. Measurements 

of  the deduced rotational temperature at combinations of 

ambient temperature, ambient pressure, and spark energy 

other than those tested by Kyser (Section 1.2) would be 

desirable. Even if these measurements continued to disagree 

with the present analysis, they would provide an empirical 

relation between the ambient temperature and the deduced 

temperature. 

The present analysis is, in any event, the first of its 

kind and gives new understanding o f  the excitation o f  the 

nitrogen second-positive band system. O f  the several facets 

of the analysis discussed in Chapters 2 through 6, only the 

dynamics of  the individual collisions (Chapter 3) is o f  

questionable validity (because we have tried to apply 

classical mechanics to an electron-molecule collision). 

The other facets o f  the analysis may be useful to future 

investigators of the excitation of  band systems by a dis- 

charge. Many o f  these ideas are applicable to band systems 
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other than the second-positive, as well as to other gases. 

They may also be applicable to excitation phenomena in 

related devices, such as lasers (Gerry 1965). It is also 

hoped that our critical examination of the assumptions in 

the analysis will expedite the work of future analysts in 

this kind of problem. 
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APPENDIX A 

Derivation of the Angular-Momentum Equation 

In this appendix, we derive Equation (3.3-le). 

We use the notation shown in the following sketch: 

V 

3 
0 

+- 
The vector C is the distance between the origin 0 of an 

inertial coordinate system and the center of mass CM of the 

system (electron plus molecule), r is the distance between 

CM and the electron, and R is the distance between CM and 

+- 

-+ 

the molecular center of mass. The angular-momentum equation 

is 

or equivalently, 
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From the linear-momentum equation (3.4-3b), it follows that 

-+ 
where W is the center-of-mass velocity, given by 

-+ m':+fi. 
= m+M (A-3) 

-+ 
(The constancy of W results because there are no external 

forces acting on the system.) 
+ -+ 

Hence C1 is related to Co by 

-+ -+ -+ 
c1 = co t Wt, (A-4) 

where t is the time interval between the ( ) situation 

and the ( )1 situation. 

Since W is parallel to mvtMV, we have 

0 

-+ - + +  

+ +  w' X (mv+MV) = 0, (A-5) 

so that we obtain 

- + +  -+ - + +  3 

C 1  x (mvltMV1) = C o  X (mvo+MVo). (A-6) 

(The constacy of the portion of the angular momentum that 

is due to the center-of-mass motion results because there 

are no external torques acting on the system.) 

Hence Equation (A-1) reduces t o  

-+ + + 3 
mrO x vo + M~Z,X$~ + E, = mrlx v1 +  it^ x q1 t Ttl* 

( A - 7 )  
By definition of the center of mass, we have 



( A - 8 )  + m r  = -M%, 

and s u b s t i t u t i o n  o f  t h i s  i n t o  Equat ion  ( A - 7 )  g i v e s  

+ 
The d i s t a n c e  D between t h e  e l e c t r o n  and t h e  molecule  is 

+ + +  
D = r - R .  ( A - 1 0 )  

By s u b s t i t u t i n g  Equat ion  ( A - 8 )  i n t o  t h i s  r e l a t i o n ,  w e  

o b t a i n  
+ + 

m r  = lJD, 

where 1-1 i s  t h e  reduced  mass d e f i n e d  by 

( A - 1 1 )  

( A - 1 2 )  

P u t t i n g  Equat ion  ( A - 1 1 )  i n t o  Equat ion  ( A - g ) ,  w e  o b t a i n  

f i n a l l y  
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APPENDIX B 

V e y i f i c a t i o n  t h a t  t h e  E l e c t r o n  Ve loc i ty  D i s t r i b u t i o n  

Funct ion  i s  Maxwellian 

In t h i s  appendix,  we v e r i f y  t h e  v a l i d i t y  o f  Equat ion  

(4.3-14a). 

Kruger and Mitchner  (1967) show t h a t ,  i f  e l e c t r o n -  

e l e c t r o n  c o l l i s i o n s  are dominant,  t h e  e l e c t r o n  v e l o c i t y  

d i s t r i b u t i o n  f u n c t i o n  i s  a Maxwellian a t  t h e  e l e c t r o n  

t empera tu re  T h i s  w i l l  be true i f  t h e  fo l lowing  i n e q u a l i t y  

i s  s a t i s f i e d :  

'ee >' 'eM m J M ,  (3-1) 

where vee i s  t h e  e l e c t r o n - e l e c t r c n  c o l l i s i o n  frequency and 

V I s  t h e  e l e c t r s n - n o l e s u l e  c o l l i s i o n  f requency .  eM 
We now c o m p u t ~  t h e  o r d e r s  o f  rragnitucle of  vee and VeM 

f o r  t y p i c a l  s p a r k  c o n d i t i o n s .  T f  w e  assume t h a t  an 

e l ec t ron -molecu le  c o l l i s i o n  occur s  only  when t h e  e l e c t r o n  

and molecule  touch  each othei- ,  t h e n  w e  have 

(EL-2) 2 
0 '  = N  v ~r 'eM M e  

where fJM i s  t h e  molecular  number d e n s i t y ,  ve i s  t h e  mean 

e l e c t r o n  speed ,  ro (=  0 .547  x 1 0  

r a d i u s ,  and veM i n c l u d e s  both e l a s t i c  and i n e l a s t i c  

c o l l i s i o n s .  S i m i l a r l y ,  art e l e c t r o n - e l e c t r o n  c o l l i s i o n  

-8 em) 3-s t h e  molecular  

occur s  when one e l e c t r o n  p a s s e s  w i t h t n  t h e  o t h e r  e l e c t r Q n ' s  

Debye sphe re ,  s o  t h a t  we have 
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03-31 

where i s  t h e  Debye l e n g t h .  From t h e s e  e q u a t i o n s ,  w e  

o b t a i n  

M Ne x2 - - . 
VeM mgm NM 6 

From S p i t z e r  ( 1 9 6 2 ) ,  page 2 2 ,  w e  f i n d  

where X i s  i n  em, Te i s  t h e  e l e c t r o n  t e m p e r a t u r e  i n  OK, 

and Ne i s  t h e  e l e c t r o n  d e n s i t y  i n  eme3. 

and NlvI are g i v e n  i n  S e c t i o n  2 . 2 .  Ne 9 

f o r  t h e  e l e c t r o n  t e m p e r a t u r e  

The v a l u e s  of ve, 

From them w e  compute 

Te = 0(104 OK). 

The numer i ca l  v a l u e  o f  t h e  Debye l e n g t h  . is  

(B-7)  4 A = o(~o- em), 

The r a t i o  i n  Equa t ion  (B-4 )  i s  t h u s  found t o  have t h e  

numer i ca l  v a l u e  

9 V 
= O(10 ), ee p 

s o  t h a t  t h e  c r i t e r i o n  e x p r e s s e d  by i n e q u a l i t y  (B-1)  i s  

s a t i s f i e d .  The number lo9 i s  s o  l a r g e  t h a t  any e r r o r s  due 

t o  t h e  c rudeness  of  t h e  c a l c u l a t i o n  s h o u l d  n o t  change t h i s  

conc lus ion .  
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APPENDIX C 

R e s u l t s  o f  E v a l u a t i n g  t h e  I n t e g r a l  

2 n+2 e-ax dx .  ( n  = 0 ,  1, ..., 5 )  

I n  t h i s  appendix ,  we list t h e  i n t e g r a l s  used i n  t h e  

e v a l u a t i o n  of G(go)  in Section 5 . 4 . 2 .  

( C - 4 )  

- 4 I3 - - [exp(-U2) ( u  + 2u2 + 2 )  

- exp(-L2) ( L 4  + 2L2 + 2 ) ] / 2 a 3 ,  

= [ ~ e x p ( - ~ ~ )  ( L ~  t 2~~ + 2 )  

4 - u exp(-$)  ( U  + 2 3  + 2 )  + a2 I~ t 2a 

+ 2A1] /2a3 ,  (C-5) 



I 5  = [exp(-L2)(L6 + 3L4 t 6~~ + 6) 

(C-6 1 4 4 - exp(-u2)(u6 + 3~ + 6u2 + 6) ] /2a , 
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APPENDIX D 

Genera t ion  o f  Pseudorandom Numbers. 

I n  t h i s  appendix ,  w e  d e s c r i b e  t h e  method by which t h e  

pseudorandom numbers used  i n  t he  Monte-Carlo c a l c u l a t i o n s  

of  Chapter  5 were g e n e r a t e d .  

The random numbers were g e n e r a t e d  w i t h  a d i g i t a l -  

computer program. T h i s  program g e n e r a t e s  what are c a l l e d  

"pseudorandom" numbers. The same sequence o f  numbers i s  

g e n e r a t e d  each  t i m e  t h e  program i s  r u n ,  b u t  t h e  numbers 

s a t i s f y  s t a t i s t i c a l  t e s t s  f o r  randomness. The program used  

was a mixed c o n g r u e n t i a l  method, as programmed b y  t h e  S tan -  

f o r d  Computation Center .  The n ' t h  number Rn (n=0,1 ,2 ,  ... ) 
i s  g i v e n  b y  

11 R n  = [ ( 2  -3) R n - l  + 211,527,1391(mod 227) ,  ( D - 1 )  

where 

R o =  0, 

T h i s  formula  g e n e r a t e s  a sequence of  pseudorandom numbers 

t h a t  a r e  un i fo rmly  d i s t r i b u t e d  i n  t h e  i n t e r v a l  

27 
The p e r i o d  o f  t h e  sequence i s  2 (=  135 ,000 ,000) .  One does 

n o t  have t o  take t h e  e n t i r e  sequence o f  135,000,000 numbers, 

however, t o  o b t a i n  a random se t .  The members  o f  any s u f f i ,  

c i e n t l y  large s u b s e t  - e . g . ,  R1, R2, R 3 ,  ' - 0  ¶ R I O O  o r  R4, 
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R89 R 1 2 ~  * * *  5 R400 - a l s o  are d i s t r i b u t e d  uni formly  i n  

COJ). 

The f i r s t  1 0 0  numbers i n  the  sequence are l i s t e d  i n  

T a b l e  D-1. T h e i r  mean i s  0.48, s o  t h a t  t h e  numbers are 

d i s t r i b u t e d  even ly  about  0.5, as random numbers between 0 

and 1 s h o u l d  b e .  We i l l u s t r a t e  t h e  randomness o f  t h e  

numbers by p l o t t i n g  them i n  pa i r s  as 50 p o i n t s  on a g r i d  i n  

F i g u r e  D-1 .  P o i n t  1 u s e s  R1 as a b s i c i s s a  and R 

p o i n t  2 u s e s  R as a b s i c i s s a  and R4 as o r d i n a t e ,  e t c .  

The p o i n t s  f i l l  t h e  g r i d  f a i r l y  w e l l .  I f  w e  u se  t h e s e  

as o r d i n a t e ,  
2 

3 

p o i n t s  t o  compute t h e  q u a n t i t y  

I = / "  x dx 
0 

u s i n g  e q u a t i o n  (5 .2-3) ,  we o b t a i n  

I Z (23/50) (1) (1) = 0 . 4 6 ,  

as compared w i t h  t h e  e x a c t  v a l u e  of  0.50. 

(D-5 

For t he  computa t ions  o f  pu' v e r s u s  K1, w e  u s e  t h e  

numbers R, i n  groups o f  4,  r a t h e r  t h a n  i n  p a i r s .  
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Table D-1:  The First 100 Pseudorandom Numbers 

The numbers are rounded to 2 decimal places, 

Rn 

1 .58 

2 .50 

3 .89 

4 -99 

5 972 

6 .88 

7 091 

8 .51 

9 995 

io .88 

ii .46 

12 .34 

13 .61 

14 .54 

15 .16 

16 .34 

17 .04 

18 .20 

n Rn 

19 -998 

20 .43 

21 .53 

22 .52 

23 -32 

24 .82 

25 =91 

26 .84 

27 953 

28 .76 

29 -07 

30 .62 

31 -09 

32 -52 

33 -03 

34 -07 

35 -35 

36 .06 

n Rn 

37 011 

38 .86 

39 -56 

40 .77 

41 .52 

42 .I4 

43 .81 

44 .92 

45 .09 

46 .51 

47 .06 

48 .25 

49 .48 

50 *35 

51 .14 

52 .24 

53 *37 

54 .15 

Rn 

55 .92 

56 .52 

57 932 

58 .11 

59 .27 

60 .90 

61 .50 

62 977 

63 -35 

64 .62 

65 .06 

66 -97 

67 -63 

68 .23 

69 953 

70 -78 

71 -21 

72 .61 

n Rn 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

.66 

-74 

995 

.66 

.37 

* 12 

.81 

15 

.27 

50 

* 09 

.21 

.06 

.30 

* 78 

.02 

.64 

- 70 

n Rn 

gi .86 

92 .09 

93 .lo 

94 .46 

95 080 

96 -74 

97 .35 

98 .18 

99 -82 

00 .25 



1. 

0 .  

0. 

0 .  

0 .  

0 .  

0 .  

0 .  

0. 

0 .  

F i g u r e  D-1: The F i r s t  100  Pseudorandom Numbers, 

Taken i n  Pairs 
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APPENDIX E 

T r a j e c t o r y  C a l c u l a t i o n s  

E.l I n t r o d u c t i o n  

I n  t h i s  appendix,  w e  c a l c u l a t e  t h e  f o l l o w i n g  q u a n t i t i e s :  

(1) T r a j e c t o r i e s  fo l lowed b y  e l e c t r o n s  d u r i n g  t h e i r  

encoun te r s  w i t h  t h e  molecular  i n t e r a c t i o n  p o t e n t i a l .  

( 2 )  The a n g u l a r  momentum t r a n s f e r r e d  between t h e  

e l e c t r o n  and molecule  d u r i n g  these  encoun te r s .  

The purpose  of  these  c a l c u l a t i o n s ,  as w e  mentioned i n  

S e c t i o n  7 . 4 ,  i s  to i n v e s t i g a t e  t h e  v a l i d i t y  of  t h e  assump- 

t i o n  t h a t  t h e  maximum impact d i s t a n c e  i s  t h e  molecular  r a d i u s .  

A s  i n  ou r  Monte-Carlo c a l c u l a t i o n s ,  go,  Do ( o r  b o ) ,  

$ , and 0 are  parameters. 
g0 go 

E.2  Un i t s  

We use  atomic u n i t s  i n  t hese  computat ions.  The u n i t s  

o f  t h e  b a s i c  q u a n t i t i e s  a re  as f o l l o w s :  

Length: Bohr r a d i u s  = 0.529167 X em. (E.2-la) 

-24 
Mass: P ro ton  mass = 1 . 6 7 2 5 2  X 10 gm* ( E .  2 - l b )  

Energy: Twice t h e  energy of  t h e  f i r s t  Bohr o r b i t  = 

2 7 . 2  e V .  ( E .  2 - l c )  



The u n i t  of v e l o c i t y  i s  t h e r e f o r e  

-24 
Ve loc i ty  = (energy/mass) 1 / 2 =  ( 2 7 . 2  e ~ / 1 . 6 7 2 5 2  x 10 

(E .2 -2 )  6 gm)1’2 = 5.09401 X 10 cm/sec. 

E . 3  Dynamics of a P a r t i c l e  i n  a Noncent ra l  Force  F i e l d  

E.3.1 Equivalence t o  t h e  Actua l  C o l l i s i o n  

Any b i n a r y  c o l l i s i . o n  can b e  r e c a s t  as an encoun te r  

between a f i c t i c i o u s  p a r t i c l e  and a f i c t i c i o u s  p o i n t  poten-  

t i a l .  The f i c t i c i o u s  p a r t i c l e ’ s  mass and v e l o c i t y  are t h e  

reduced mass o f  and t h e  r e l a t i v e  v e l o c i t y  between t h e  c o l l i -  

s i o n  p a r t n e r s ,  r e s p e c t i v e l y .  The f i c t i c i o u s  p o t e n t i a l  i s  

t h e  i n t e r a c t i o n  p o t e n t i a l  between t h e  c o l l i s i o n  p a r t n e r s ,  

and t h e  d i s t a n c e  between t h e  f i c t i c i o u s  p a r t i c l e  and t h e  

f i c t i c i o u s  p o t e n t i a l  i s  t h e  d i s t a n c e  between t h e  c o l l i s i o n  

p a r t n e r s .  

For  t h e  e lec t ron-molecule  c o l l i s i o n  tha t  w e  are ana lyz-  

i n g ,  t he  reduced mass i s  n e a r l y  e q u a l  t o  t h e  e l e c t r o n  mass. 

Hence, t h e  t r a j e c t o r y  of t he  f i c t i c i o u s  p a r t i c l e  i s  n e a r l y  

t h e  same as t h e  t r a j e c t o r y  of t h e  e l e c t r o n .  



E.3 .2  O r b i t  Equat ion  

The c o o r d i n a t e  s y s t e m  f o r  t h e  c o l l i s i o n  i s  shown i n  

F igu re  E-1. 

F igu re  E-1: Coordinate System 

The l o c a t i o n  of  t h e  p a r t i c l e  i s  s p e c i f i e d  by p o l a r  coord i -  

n a t e s  r and 8 r e l a t i v e  to t h e  o r i g i n ,  where a n o n c e n t r a l  

p o t e n t i a l  9 i s  l o c a t e d .  The r and 6 components of t h e  

r e l a t i v e  v e l o c i t y  are 5, and 6,, r e s p e c t i v e l y .  

The d i f f e r e n t i a l  e q u a t i o n  d e s c r i b i n g  t h e  o r b i t  o f  a 

p a r t i c l e  i n  a n o n c e n t r a l  f o r c e  f i e l d  has been d e r i v e d  b y  

P rage r  and Rasmussen (1967) and i s  

1 2r 2 r 2 e L: 
p2s in2e  + 

- ( E - @ ) +  7 1-I 
2 
e 
2 

r 
- + 1  I r 

where p i s  t h e  reduced mass, re = d r / d @ ,  L~ i s  t h e  x compo- 

n e n t  of t h e  a n g u l a r  momentum about  t h e  o r i g i n ,  and 

d 
de 
- 



i s  t h e  energy of  t he  e lec t ron-molecule  s y s t e m .  

Fa r  from the  o r i g i n ,  t h e  r e l a t i v e  speed i s  g o ;  hence,  by 

conse rva t ion  of  energy ,  w e  have 
2 

= c o n s t a n t .  1 
E = T u g O  (E-3-31 

We n o t e  t h a t ,  s i n c e  @ i s  a f u n c t i o n  o f  r ( e )  and 6, d$/de i s  

g iven  by t h e  formula 

For t h e  i n t e r a c t i o n  between an e l e c t r o n  and a d i a tomic  

molecule ,  w e  can wr i t e  

@ = @ ( r , e )  . (E.3-5) 

L z = 0 .  03.3-6) 

Therefore ,  t h e  t r a j e c t o r y  i s  p l a n a r ,  s o  t h a t  

Using Equat ion (E.3-6) t o  s i m p l i f y  (E.3-1) and c a r r y i n g  o u t  

t he  d i f f e r e n t i a t i o n ,  w e  o b t a i n  t h e  fo l lowing  second-order  

o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  t r a j e c t o r y  r (  a)  : 

2r2 (E-$) 
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For a c e n t r a l  p o t e n t i a l ,  w e  have a$/ae = 0.  I n  t h i s  

c a s e ,  Equat ion  (E .3 -7 )  reduces  to t h e  e q u a t i o n  g iven  i n  

S e c t i o n  3-5 o f  G o l d s t e i n  (1950) .  Th i s  i s  a check on Equa- 

t i o n  ( E . 3 - 7 ) .  

E . 3 . 3  I n i t i a l  Condi t ions  

To i n t e g r a t e  Equat ion  ( E . 3 - 7 ) ,  w e  must know r ( 0 , )  and 
f 'e('()) at Some '0' P h y s i c a l l y ,  w e  must have 

The impact parameter  bo i s  g iven  by 

E . 3 . 4  Angular Momentum 

The a n g u l a r  momentum L of  t h e  r e l a t i v e  motion i s  g iven  

( ~ . 3 - 1 0 )  

The i n i t i a l  a n g u l a r  momentum L i s  g iven  b y  

L o  = 1-I bo go ( E .  3-11) 

We e x p r e s s  L i n  terms of  t h e  o r b i t  v a r i a b l e s  r and r by 

means of  t h e  formulas  
0 

5, = r Er/re 9 

'The n o t a t i o n  r e ( 8 0 )  means (dr /de)e ,e  

( E .  3-12a) 

0 
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(E .  3-12b) 

Since  t h e  i n t e r a c t i o n  p o t e n t i a l  i s  n o n c e n t r a l ,  t h e  

e l e c t r o n  can e x e r t  a t o r q u e  on the  molecule  and t h u s  change 

i t s  a n g u l a r  momentum. By c o n s e r v a t i o n  of a n g u l a r  momentum, 

t h e  change i n  a n g u l a r  momentum of t h e  molecule  ( i . e . ,  t h e  

r o t a t i o n a l  e x c i t a t i o n  o r  d e - e x c i t a t i o n )  i s  e q u a l  and 

o p p o s i t e  to t h e  change i n  a n g u l a r  momentum of t h e  e l e c t r o n .  

E.4 P o t e n t i a l  Used 

If t h e  p o t e n t i a l  @(r,e) i s  known, Equat ion (E.3-7) can 

b e  so lved  for r(e), a t  l eas t  numer i ca l ly .  A s  we p o i n t e d  ou t  

i n  S e c t i o n  3.4, however, t h e  p o t e n t i a l  i s  known only  f o r  

l a r g e  v a l u e s  o f  r. From Takayanagi and Geltman (19651, t h e  

asympotot ic  p o t e n t i a l  i s ,  i n  a tomic u n i t s ,  

where a and a' are r e l a t e d  t o  t he  p o l a r i z a b i l i t y  of t h e  mole- 

c u l e  and Q i s  t h e  e l e c t r i c - q u a d r u p o l e  moment of t h e  mole- 

c u l e .  For N2, w e  have 

a = 12.00 , ( E .  4-2a) 

a '  = 4.20 , (E.4-2b) 

Q = -1.10 . (E.4-2~) 



For l a c k  of a n y t h i n g  b e t t e r ,  w e  a p p l i e d  t h e  a sympto t i c  

p o t e n t i a l  a t  s m a l l ,  as w e l l  as l a r g e ,  v a l u e s  o f  r. The 

s t r o n g l y  a t t r a c t i v e  rP4 terms, however, p u l l  t h e  p a r t i c l e  

i n t o  t h e  o r i g i n  f o r  small r. To p r e v e n t  t h i s ,  w e  assumec! 

t h a t  t he  p o t e n t i a l  can b e  r e p r e s e n t e d  by an impene t r ab le  

s p h e r e  w i t h  a r ad ius  e q u a l  to t h e  molecu la r  r a d i u s  

(0 .547 x l o w 8  em). 

of  l e n g t h  (0.529167 X lo-' em). 

i n  t h e  computa t ions  was 

T h i s  i s  n e a r l y  e q u a l  to 1 a tomic  u n i t  

Thus, t h e  p o t e n t i a l  used  

S i n c e  t h e  computa t ions  are based on a p o t e n t i a l  of q u e s t i o n -  

able  v a l i d i t y  and are n o t  quantum-mechanical, t h e  r e s u l t s  

s h o u l d  b e  v a l i d  on ly  f o r  showing t r e n d s .  

E . 5  I n t e g r a t i o n  o f  t h e  O r b i t  Equa t ion  

E . 5 . l  Numerical Method 

The compl i ca t ed  p o t e n t i a l  (E .4 -3 )  makes t h e  o r b i t  equa- 

t i o n  (5.3-7) n o n l i n e a r  and compl ica ted ,  and p r e c l u d e s  

o b t a i n i n g  a closed-form s o l u t i o n  for r ( 6 ) .  I n s t e a d ,  w e  

o b t a i n e d  numer i ca l  s o l u t i o n s  by means of t h e  Kutta-Merson 
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method (Fox 19621, as programmed by t h e  S t a n f o r d  Computa- 

t i o n  Cen te r .  To a p p l y  t h i s  method, w e  f i r s t  wro te  Equat ion  

(E.3-7) as two s imul t aneous ,  f i r s t - o r d e r ,  o r d i n a r y  d i f f e r -  

e n t i a l  e q u a t i o n s  as f o l l o w s :  

% = r e  (E.5- la )  

The s imul t aneous  numer i ca l  s o l u t i o n  of  t h e s e  e q u a t i o n s  

y i e l d s  r ( e )  and r e ( 0 ) .  

E.5.2 Approximate I n i t i a l  Cond i t ions  

The i n i t i a l  c o n d i t i o n s ,  which a r e  imposed a t  i n f i n i t y  

( S e c t i o n  E . 3 . 3 ) ,  must b e  approximated by f i n i t e  v a l u e s  o f  r 

and r f o r  t h e  numer i ca l  s o l u t i o n .  For  a g iven  impact  para- 

me te r  b o ,  we used  t h e  approximate  i n i t i a l  c o n d i t i o n s  shown 

i n  F i g u r e  E-2, namely, 

e 

r(89.5')  = \ b o \  / cos  89.5' (E.5-2a) 
= lbOl / 0.0087265354984, 

r ,(89.5')= - ] b O 1  s e e  89.5' tan 89.5' 

= - r (89.5O) t a n  69.5' 

= -r( 89.5') (114.58865013) (E.5-2b) 
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E.5.3 Angular-Momentum T r a n s f e r  

From t h e  e q u a t i o n s  i n  S e c t i o n  E.3.4, w e  have computed 

the  v a r i a t i o n  of  L a l o n g  the  t r a j e c t o r y .  The f i n a l  a n g u l a r  

momentum L1 was found by c a r r y i n g  t h e  computat ion f a r  

enough t h a t  t h e  p a r t i c l e  had passed  the  o r i g i n  and L was 

approaching an  asymptot ic  v a l u e .  The f i n a l  molecular  angu- 

l a r  momentum K' was t h e n  o b t a i n e d  from t h e  formula I 11 

where 

(E 5-4) 

The s i g n  ( b o )  f a c t o r  e n t e r s  because,  r e l a t i v e  to t h e  s i g n  

of Lo, 

-% 
s i g n  (KO) = s i g n  ( b o ) .  (E 5-5) 

The f i n a l  r o t a t i o n a l  quantum number K1 was computed by 

means o f  Equat ion (3.5-6). 

E.5.4 V e r i f i c a t i o n  of t h e  Cor rec tness  of t h e  Method 

The e q u a t i o n s  and t h e  d ig i t a l - compute r  program were 

v e r i f i e d  by computing t h e  t r a j e c t o r y  f o r  t h e  Coulomb poten-  

t i a l  

@ = - K / r .  (E.5-6) 

For t h i s  p o t e n t i a l ,  a closed-form solution f o r  t he  o r b i t  

e x i s t s  ( G o l d s t e i n  1950, page 7 7 ) .  Computations were 



performed f o r  t h e  f o u r  c a s e s  K = 1, 10, 1 0 0 ,  1 0 0 0 .  We 

checked t h a t  our numer ica l  s o l u t i o n  a g r e e s  w i t h  t h e  c losed-  

form s o l u t i o n .  

o r b i t ,  as i s  t h e  c a s e  f o r  any c e n t r a l  p o t e n t i a l  $(r).,  

W e  a l s o  checked t h a t  L = Lo throughout  t h e  

I n  a d d i t i o n  to t h e  fo rego ing ,  w e  computed t r a j e c t o r i e s  

for t h e  p o t e n t i a l  

(E 5-7 1 4 0 = - K / r  , 
w i t h  K = 1, 1 0 ,  1 0 0 ,  1 0 0 0 ,  and checked t h a t  L remained 

c o n s t a n t  th roughout  each o r b i t .  To p r e v e n t  t h e  p a r t i c l e  

from b e i n g  a t t r a c t e d  i n t o  t h e  o r i g i n  b y  t h e  p o t e n t i a l  of  

Equat ion  ( E . 5 - 8 ) ,  w e  used for some c a s e s  t h e  c u t o f f  poten-  

t i a l  

@ = - K / r  4 , r > re. ( E .  5-8a) 

( E .  5-8b) 

E . 5 . 5  Treatment of t h e  Cond i t ions  a t  t h e  Hard Sphere 

For a g iven  s e t  of c o l l i s i o n  pa rame te r s ,  t h e  o r b i t  

e q u a t i o n s  (E .5-1)  were i n t e g r a t e d  i n  t h e  d i r e c t i o n  of  i n -  

c r e a s i n g  8, s t a r t i n g  from t h e  i n i t i a l  c o n d i t i o n s  (E.5-2). 

For t h e  c o l l i s i o n s  i n  which t h e  r a d i u s  became u n i t y  a t  some 

a n g l e  BI, w e  had to account  f o r  t h e  i m p e n e t r a b i l i t y  of  t h e  

s p h e r e  at r=l. 

The boundary c o n d i t i o n s  a t  t h e  hard s p h e r e  f o r  t h e  
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incoming p a r t i c l e  can be expres sed  as 

where 

( V I  < 0 .  ( E .  5-10) 

Computations were performed on t h e  basis of two d i f -  

f e r e n t  i n i t i a l  c o n d i t i o n s  for t h e  outgoing  p a r t i c l e  as 

fo l lows :  

(1) E l a s t i c ,  s p e c u l a r  r e f l e c t i o n :  

( E .  5-11) 

I n  t h i s  ca se ,  t he  energy E of t h e  outgoing  p a r t i c l e  i s  t h e  

same as t h a t  of  t h e  incoming p a r t i c l e .  

( 2 )  I n e l a s t i c  impact :  

I n  t h i s  c a s e ,  t h e  energy of  t h e  outgoing  p a r t i c l e  i s  t aken  

to be  lower t h a n  that  of t h e  incoming p a r t i c l e  by t h e  amount 

of t h e  e x c i t a t i o n  energy of t h e  C nu  f X I C  + t r a n s i t i o n .  

T h i s  ca se  cor responds  to our  a n a l y s i s  d e s c r i b e d  i n  Chapter  

3; t h e  ang le  e = 1 8 0  for t h e  outgoing  p a r t i c l e  means t h a t  

t h e  magnitude of t h e  impact parameter  bl has i t s  maximum 

va lue ,  namely, ro. The e f f e c t  of v a r y i n g  t h e  i n i t i a l  s l o p e  

  re)^ i s  d i s c u s s e d  i n  S e c t i o n  E.6.2. 

3 
g 

0 

On t h e  basis  of one of t he  two se t s  of i n i t i a l  condi- 

t i o n s  at  t h e  hard sphere ,  t h e  i n t e g r a t i o n  was cont inued  i n  
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t h e  d i r e c t i o n  of i n c r e a s i n g  8. The i n t e g r a t i o n  was ended 

when t h e  p a r t i c l e  w a s  far  f r o m  t h e  o r i g i n  and L was approach- 

i n g  an asymptot ic  v a l u e .  

E . 6  R e s u l t s  

~ . 6 . 1  E l a s t i c  R e f l e c t i o n  from t h e  Hard Sphere 

T r a j e c t o r i e s  were c a l c u l a t e d  f o r  t h e  fo l lowing  s e t s  of  

c o l l i s i o n  pa rame te r s :  

8 = 3 X 1 0  cm/sec 

l b O l  r ang ing  from 1 X 10-9 cm to 

2 0  x 10-9 em 

(1) * (E.6-1) 1 
( E . 6 - 2 )  

8 go r ang ing  f r o m  2 . 2  x 1 0  

t o  3 x l o 8  cm/sec 

cm/sec 

lbOl  = lo-’ cm I 
For a l l  c o l l i s i o n s ,  we se t  

($ = 8 = n/2, 
-% 

g0 g0 
s o  t h a t  t h e  i n i t i a l  r e l a t i v e  v e l o c i t y  go  i s  i n  t h e  i n i t i a l  

p l ane  of r o t a t i o n  of  t h e  molecule  and i s  p e r p e n d i c u l a r  to 

t h e  i n t e r n u c l e a r  a x i s .  

(The ang le s  (9 and 8 r e f e r  to t h e  n o t a t i o n  o f  Chapter  3 
go g0 

and should  n o t  be confused w i t h  t h e  4 and 8 of  t h i s  c h a p t e r . )  

S ince  (9 = 8 = n/2, a s i n g l e  t r a j e c t o r y  i s  v a l i d  for 
8 0  g0 

bo th  +bo and -bo .  

(E .5 -3 ) .  

The s i g n  of b o  appears  only i n  Equat ion 

These  t r a j e c t o r i e s  are v a l i d  f o r  any va lue  of KO; 
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t h e  va lue  of K O  e n t e r s  o n l y  i n  t h e  computat ion of K1 

(Equat ion  E.5-3). 

I n  F igu re  E-3, w e  show t r a j e c t o r i e s  for v a r i o u s  v a l u e s  
-9 of I b o l ,  w i t h  go f i x e d .  

t r a j e c t o r i e s  f o r  go r a n g i n g  from 2 . 2  x 1 0  

1 0  cm/sec are n e a r l y  c o i n c i d e n t  w i t h  each o t h e r .  The Poten-  

t i a l  does n o t  "cap tu re"  t h e  P a r t i c l e  ( i . e . ,  t h e  r a d i u s  

remains g r e a t e r  thari  u n i t y )  f o r  

i s  2 .2  t i m e s  t h e  molecular  r a d i u s .  

Fo r  lbo l  = 1 . 0  X 10 em, t h e  

cm/sec to 3.0 X 
8 

8 

I b o [  2 12.0 x em, which 

I n  each of t h e  computed c o l l i s i o n s ,  very l i t t l e  r o t a -  

t i o n a l  e x c i t a t i o n  occurs. 

exceed 0 . 2 ,  which occur s  f o r  t h e  case  K O = l O .  Fur thermore,  

1 K  -K 

d e c r e a s e s  as 

I n  na c o l l i s i o n  does I X1-Kol 

i s  less  t h a n  0 . 0 0 1  f o r  Ibo l  3. 14 .0  X lo-' cm, and 

i n c r e a s e s  beyond t h i s  v a l u e .  
1 01 

l b o l  
E.6.2 I n e l a s t i c  Impact  a t  t h e  Hard Sphere 

We d i s c u s s  only t h e  outgoing  p a r t  of t h e  t r a j e c t o r y  

h e r e ,  because t h e  incoming p a r t  i s  t h e  same as w i t h  e l a s t i c  

r e f l e c t i o n  a t  t h e  hard sphe re .  I n  F igu re  E-4, w e  show 

the e f f e c t  of vary ing  

t r a j e c t o r y  f o r  t h e  c o l l i s i o n  parameters  

( re )D on t h e  outgoing  p a r t  of t h e  

1 8 go = 3.0 X 10 cm/sec 

J 

(E.6-4) 
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Figure  E-3:  T r a j e c t o r l e s  w i t h  E l a s t i c  
R e f l e c t i o n  a t  t h e  Hard Sphere 
g o  = 3.0 x l o 8  cm/sec 



h 

Figure E-4: Trajectories with Inelastic Impact 
at the Hard Sphere 

8 = 3.0 x 10 cm/sec go 
l b o l  = 5.4 x 10-?cm 
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I n  F i g u r e  E-5, w e  p l o t  K1 v e r s u s  ( re )D f o r  t h e  subcase  

We see t h a t  K1 i s  a ra ther  s t r o n g  f u n c t i o n  o f  ( re )D.  

S e c t i o n  3 .5 .2 ,  w e  n o t e  t h a t  on ly  c e r t a i n  v a l u e s  o f  ( re )D 

A s  i n  

y i e l d  i n t e g e r  v a l u e s  o f  Kl; 

r easonab ly  w e l l  w i t h  t h e  v a l u e s  f o r  t h e  cor responding  c a s e s  

these  i n t e g e r  v a l u e s  a g r e e  

l i s t e d  i n  T a b l e  I .  I n  a l l  t h e  r e s u l t s  shown i n  F i g u r e s  E-4 

and E-5, w e  have cons ide red  only  t h e  c a s e  i n  which t h e  de- 

p a r t i n g  p a r t i c l e  t r a v e l s  i n  t h e  same p l a n e  as t h e  incoming 

p a r t i c l e  ( i . e . ,  i n  t h e  n o t a t i o n  o f  Chapter  3, 4 = 0 >. 
g l  g0 

Our t r a j e c t o r y  computat ions show t h a t  t h e  a n g u l a r  

momentum L changes very  l i t t l e  d u r i n g  t h e  ou tgo ing  p a r t  o f  

t h e  t r a j e c t o r y .  Almost a l l  t h e  change i n  L takes  p l a c e  a t  

t h e  i n s t a n t  o f  impact w i t h  t h e  hard  sphere .  

E .  7 Conclus ions  

Our t r a j e c t o r y  computat ions i n d i c a t e  t h a t  

(1) The molecule  does n o t  "cap tu re"  t h e  e l e c t r o n  i f  

i s  lqarger t h a n  about  2 ro. 

( 2 )  Almost a l l  t h e  angular-momentum t r a n s f e r  occur s  
l b o l  

when t h e  p a r t i c l e  impacts  t h e  hard sphere .  

( 3 )  The r o t a t i o n a l  e x c i t a t i o n  can  b e  c a l c u l a t e d  by  

a p p l y i n g  t h e  c o n s e r v a t i o n  laws immediately b e f o r e  and a f t e r  

t h e  impact at; t h e  hard sphe re ,  a l o n g  w i t h  t h e  quantum 
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condition to fix the initial direction of the outgoing 

particle. The trajectory calculations thus reduce, for 

the purpose of computing K to the analysis described in 1, 
Chapter 3. 
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APPENDIX F 

E x c i t a t i o n  by Photon Absorp t ion  

F . l  Ana lys i s  

I n  t h i s  appendix,  w e  perform t h e  c a l c u l a t i o n  ( re fer red  

to i n  S e c t i o n  7 . 4 )  of t h e  e x c i t a t i o n  u s i n g  Muntz's  ( 1 9 6 2 )  

model. 

A s  i n  Chapter  6 ,  w e  u se  Herzberg ' s  (1950)  n o t a t i o n .  

L e t  ( ) " '  deno te  v a l u e s  i n  t h e  XIZ + s t a t e  and ( ) '  deno te  

v a l u e s  i n  t h e  C ilu s t a t e .  
g 

3 

According to t h e  s e l e c t i o n  r u l e s  for 3il+1.Z t r a n s i t i o n s ,  

on ly  t h e  fo l lowing  branches  a re  a l lowed:  

l *  P-branch: K'-KfT' = -1 

&-branch: K'-K"' = 0 

R-branch: K ' - K t  = +1 

(F.1-1) 

Hence t h e  number NK, of C 3 IIu molecules  t h a t  have r o t a t i o n a l  

quantum number K' and a g i v e n  v i b r a t i o n a l  quantum number v '  

i s  g i v e n  b y  the r e l a t i o n  

T J K f  = (number of molecules  i n  t h e  K"' = K'-1 

l e v e l  of XICm+ t h a t  are e x c i t e d  to t h e  v '  
6 

3 l e v e l  of C IIu 

t r a n s i t i o n  of 

K " ' = K ' + l  and 

w i t h  a n  upward r o t a t i o n a l  

+1) + ( s i m i l a r  terms for 

I(' 7 ' = K f ) .  (F.l-2) 
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By u s e  o f  Equat ion  (111, 1'73), page 1 2 7 ,  o f  Herzberg (1450), 

w e  p u t  Equat ion  (F . l -2 )  i n t o  mathematical  form as f o l l o w s :  

(F.l-3) 

P Q R where S K I , , ,  S K , , "  SK,,, a re  t h e  l i n e  s t r e n g t h s .  

xsed t h e  r e s u l t  ( S e c t i o n  '4.2) t h a t  t h e  population of  each  

C-'R r o t a t i o n a l  l e v e l  i s  p r c p c r t i c n a l  t o  t h e  e x c i t a t i o r :  r a t e  

t o  t h a t  level. 

We have 

2 
'A 

For  a R+-C t r a n s i t i o n ,  t h e  Honl-London formulas  f o r  the 

l i n e  s t r e n g t h s  a re  2s fo l lows  (Herzberg 1950, page 298): 

For  a Boltzmann d i s t r i b u t i o n ,  we have 

J 

N K I I r  = ( c o n s t . )  o ( K " ? )  ( 2 K i ? ' + 1 )  X 

e x p [ " " l K " ' ( K 1 ' ' + l ) j ,  (F.1-5) 

where 



6 ,  li"' even 

3 ,  K'" odd 
a(K" ' )  = ( ~ . 1 - 6 )  

a n d  

By s u b s t i t u t i o n  o f  Equat ions  (F.1-4) th rough ( ~ . 1 - 6 )  i n t o  

Equat ion  (F.l-3), w e  o b t a i n  a n  e q u a t i o n  f o r  X K ,  as fo l lows :  

+ K'exp[-c"'(K'+1)(~'t~)]}, li? even,  

(F.1-8a) 

iqK, = ( c o n s t . )  2(K'+l)exp[-C"'(K1-l)K'~ 

+ (2K'+l)exp[-C'''K'(K'+l)] 
c 
+ 2K'exp[-C'''(Kt+1)(K'+2)] 

(F .  1-8b) 

T h i s  e q u a t i o n  a g r e e s  w i t h  t h e  one d e r i v e d  by Muntz (1962) 

when t h e  same c a s e  i s  c o n s i d e r e d .  

F. 2 Numerical R e s u l t s  

The impor tan t  parameter  t h a t  a f f e c t s  NK, i s  t h e  ground- 

s t a t e  t empera tu re  T I 1  ' (Equa t ion  $ ' . I -7) .  By means o f  Equa- 

t i o n s  (F.1-8), w e  have computed NK, f o r  T f 7 ' = 2 9 5 ' K ,  which 

i s  t h e  t empera tu re  used i n  Kyse r ' s  (1966)  exper iments .  The 

r e s u l t s  are p lo t t ed .  i n  F i g u r e  F-1. we see iiiat 

(1) T h e  va lues  of in[Ku._-, / ' (2K'tl)]  v e r s u s  K' (K'+l) K 
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f a l l  on a s t r a i g h t  l i n e .  

3 
L i  

( 2 )  There i s  no p o p u l a t i o n  a l t e r n a t i o n  i n  t h e  C I'I 

s t a t e .  

By s u b s t i t u t i n g  t h e  computed v a l u e s  of  iiK! i n t o  Equa-  

t i c n  (6.2-19), w e  f i n d  t h e  i n t e n s i t y  r a t i o  r t o  b e  

r = 0.181. (F.2-I) 

3 From F i g u r e  ( 6 - 3 ) ,  we see tha t  t h e  co r re spond ing  C II r o t a -  

t i o n a l  t e m p e r a t u r e  i s  

T '  = 266OK. (F.2-2) 

T h i s  t empera tu re  a g r e e s  w i t h  t ha t  p r e d i c t e d  by t h e  c l a s s i c a l -  

mechanics Monte-Carlo a n a l y s i s .  
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